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ABSTRACT. A subgraph H of an edge-coloured graph is called rainbow if all of the edges of H
have different colours. In 1989, Andersen conjectured that every proper edge-colouring of K,
admits a rainbow path of length n —2. We show that almost all optimal edge-colourings of K,
admit both (i) a rainbow Hamilton path and (ii) a rainbow cycle using all of the colours. This
result demonstrates that Andersen’s Conjecture holds for almost all optimal edge-colourings
of K, and answers a recent question of Ferber, Jain, and Sudakov. Our result also has
applications to the existence of transversals in random symmetric Latin squares.

1. INTRODUCTION

1.1. Extremal results on rainbow colourings. We say that a subgraph H of an edge-
coloured graph is rainbow if all of the edges of H have different colours. An optimal edge-
colouring of a graph is a proper edge-colouring using the minimum possible number of colours.
In this paper we study the problem of finding a rainbow Hamilton path in large optimally
edge-coloured complete graphs.

The study of finding rainbow structures within edge-coloured graphs has a rich history. For
example, the problem posed by Euler on finding orthogonal n x n Latin squares can easily be
seen to be equivalent to that of finding an optimal edge-colouring of the complete bipartite
graph K, ,, which decomposes into edge-disjoint rainbow perfect matchings. It transpires that
there are optimal colourings of K, , without even a single rainbow perfect matching, if n is even.
However, an important conjecture, often referred to as the Ryser-Brualdi-Stein Conjecture,
posits that one can always find an almost-perfect rainbow matching, as follows.

Conjecture 1.1 (Ryser [36], Brualdi-Stein [9,37]). Every optimal edge-colouring of Ky, n, admits
a rainbow matching of size n — 1 and, if n is odd, a rainbow perfect matching.

Currently, the strongest result towards this conjecture for arbitrary optimal edge-colourings
is due to Keevash, Pokrovskiy, Sudakov, and Yepremyan [24], who showed that there is always
a rainbow matching of size n — O(logn/loglogn). This result improved earlier bounds of
Woolbright [38], Brouwer, de Vries, and Wieringa |7|, and Hatami and Shor [21].

It is natural to search for spanning rainbow structures in the non-partite setting as well;
that is, what spanning rainbow substructures can be found in properly edge-coloured complete
graphs K7 It is clear that one can always find a rainbow spanning tree — indeed, simply take
the star rooted at any vertex. Kaneko, Kano, and Suzuki [22| conjectured that for n > 4,
in any proper edge-colouring of K, one can find |n/2| edge-disjoint rainbow spanning trees,
thus decomposing K, if n is even, and almost decomposing K, if n is odd. This conjecture was
recently proved approximately by Montgomery, Pokrovskiy, and Sudakov [32], who showed that
in any properly edge-coloured K, one can find (1 — o(1))n/2 edge-disjoint rainbow spanning
trees.

For optimal edge-colourings, even more is known. Note firstly that if n is even and K,
is optimally edge-coloured, then the colour classes form a 1-factorization of K, ; that is, a
decomposition of K, into perfect matchings. Throughout the paper, we will use the term 1-
factorization synonymously with an edge-colouring whose colour classes form a 1-factorization.
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It is clear that if a 1-factorization of K, exists, then n is even. Very recently, Glock, Kiihn,
Montgomery, and Osthus [16] showed that for sufficiently large even n, there exists a tree T
on n vertices such that any 1-factorization of K, decomposes into edge-disjoint rainbow span-
ning trees isomorphic to 7', thus resolving conjectures of Brualdi and Hollingsworth (8], and
Constantine [11,12]. See e.g. [25,32, 34| for previous work on these conjectures.

The tree T used in [16] is a path of length n — o(n), together with o(n) short paths attached
to it. Thus it might seem natural to ask if one can find a rainbow Hamilton path in any
1-factorization of K,. Note that such a path would contain all of the colours used in the 1-
factorization, so it is not possible to find a rainbow Hamilton cycle in a 1-factorization of K.
However, in 1984 Maamoun and Meyniel [29] proved the existence of a 1-factorization of K,
(for n > 4 being any power of 2) without a rainbow Hamilton path. Sharing parallels with
Conjecture 1.1 for the non-partite setting, Andersen [5] conjectured in 1989 that all proper
edge-colourings of K, admit a rainbow path which omits only one vertex.

Conjecture 1.2 (Andersen [5]). All proper edge-colourings of K, admit a rainbow path of
length n — 2.

Several variations of Andersen’s Conjecture have been proposed. In 2007, Akbari, Etes-
ami, Mahini, and Mahmoody [1] conjectured that all 1-factorizations of K, admit a Hamilton
cycle whose edges collectively have at least n — 2 colours. They also conjectured that all 1-
factorizations of K,, admit a rainbow cycle omitting only two vertices.

Although now known to be false, the following stronger form of Conjecture 1.2 involving the
“sub-Ramsey number” of the Hamilton path was proposed by Hahn [19]. Every (not necessarily
proper) edge-colouring of K, with at most n/2 edges of each colour admits a rainbow Hamilton
path. In light of the aforementioned construction of Maamoun and Meyniel [29], in 1986 Hahn
and Thomassen [20] suggested the following slightly weaker form of Hahn’s Conjecture, that
all edge-colourings of K, with strictly fewer than n/2 edges of each colour admit a rainbow
Hamilton path. However, even this weakening of Hahn’s Conjecture is false — Pokrovskiy and
Sudakov [35] proved the existence of such edge-colourings of K, in which the longest rainbow
Hamilton path has length at most n — Inn/42.

Andersen’s Conjecture has led to a number of results, generally focussing on increasing the
length of the rainbow path or cycle that one can find in an arbitrary 1-factorization or proper
edge-colouring of K, (see e.g. [10,15,17,18]). Alon, Pokrovskiy, and Sudakov [3] proved that
all proper edge-colourings of K, admit a rainbow path with length n — O(n3/ 4), and the error
bound has since been improved to O(y/n - logn) by Balogh and Molla [6]. Further support for
Conjecture 1.2 and its variants was provided by Montgomery, Pokrovskiy, and Sudakov [32] as
well as Kim, Kiithn, Kupavskii, and Osthus [25], who showed that if we consider proper edge-
colourings where no colour class is larger than n/2 — o(n), then we can even find n/2 — o(n)
edge-disjoint rainbow Hamilton cycles.

1.2. Random colourings. It is natural to consider these problems in a probabilistic setting,
that is to consider random edge-colourings as well as random Latin squares. However, the
“rigidity” of the underlying structure makes these probability spaces very challenging to analyze.
Recently significant progress was made by Kwan [26], who showed that almost all Latin squares
contain a transversal, or equivalently, that almost all optimal edge-colourings of K, , admit
a rainbow perfect matching. His analysis was carried out in a hypergraph setting, which also
yields the result that almost all Steiner triple systems contain a perfect matching. Recently,
this latter result was strengthened by Ferber and Kwan [14], who showed that almost all Steiner
triple systems have an approximate decomposition into edge-disjoint perfect matchings. Here
we show that Hahn’s original conjecture (and thus Andersen’s Conjecture as well) holds for
almost all 1-factorizations, answering a recent question of Ferber, Jain, and Sudakov [13]|. In
what follows, we say a property holds ‘with high probability’ if it holds with a probability that
tends to 1 as the number of vertices n tends to infinity.

Theorem 1.3. Let ¢ be a uniformly random optimal edge-colouring of K,,. Then with high
probability,



(i) ¢ admits a rainbow Hamilton path, and
(i) ¢ admits a rainbow cycle F containing all of the colours.
In particular, if n is odd, then F' is a rainbow Hamilton cycle.

As discussed in Section 7, there is a well-known correspondence between rainbow 2-factors
in n-edge-colourings of K, and transversals in symmetric Latin squares, as a transversal in a
Latin square corresponds to a permutation o of [n] such that the entries in positions (i, 0(i)) are
distinct for all ¢ € [n]. Based on this, we use Theorem 1.3(ii) to show that random symmetric
Latin squares of odd order contain a Hamilton transversal with high probability. Here we say
a transversal is Hamilton if the underlying permutation o is an n-cycle.

Corollary 1.4. Let n be an odd integer and L a uniformly random symmetric n X n Latin
square. Then with high probability L contains a Hamilton transversal.

Further results on random Latin squares were recently obtained by Kwan and Sudakov [27],
who gave estimates on the number of intercalates in a random Latin square as well as their
likely discrepancy.

2. NOTATION

In this section, we collect some definitions and notation that we will use throughout the
paper.

For a graph G and (not necessarily distinct) vertex sets A, B C V(G), we define Eg(A, B) =
{e =ab € E(G): a € A,b € B}. We often simply write F(A, B) when G is clear from the
context. We define e(A, B) = |E(A, B)|. For a vertex v € V(G), we define dz(v) to be
the set of edges of G which are incident to v. For a proper colouring ¢: E(G) — N and a
colour ¢ € N, we define E.(G) = {e € E(G): ¢(e) = ¢} and say that an edge e € E.(G) is
a c-edge of G. For a vertex v € V(G), if e is a c-edge in G incident to v, then we say that
the non-v endpoint of e is the c-neighbour of v. For a vertex v € V(G) and three colours
c1,co,c3 € N, we say that the cz-neighbour of the co-neighbour of the c¢i-neighbour of v is the
end of the cjcocs-walk starting at v, if all such edges exist. For a set of colours D C N, we
define Np(v) = {w € Ng(v): ¢(vw) € D}. For sets A,B C V(G) and a colour ¢ € N, we
define E (A, B) :={e € E(A, B): ¢(e) = c}. If G is not clear from the context, we sometimes
also write E¢ (A, B). For any subgraph H C G, we define ¢(H) = {¢(e): e € E(H)}. For
a set of colours D C [n — 1], let G be the set of pairs (G, d¢g), where G is a |D|-regular
graph on a vertex set V of size n, and ¢¢g is a 1-factorization of G with colour set D. Often,
we abuse notation and write G € ggﬂ, and in this case we let ¢ denote the implicit 1-
factorization of G, sometimes simply writing ¢ when G is clear from the context. A subgraph
H C G € ggﬂ inherits the colours of its edges from G. Observe that uniformly randomly
choosing a 1-factorization ¢ of K, on vertex set V and colour set [n — 1] is equivalent to
uniformly randomly choosing G € gf;;l_u. For any D C [n— 1], G € G%!, and sets V' C V,
D' C D, we define Ey: p/(G) = {e = zy € E(G): ¢gle) € D',x,y € V'}, and we define
ey p/(G) = |Eys p/(G)|. For a hypergraph H, we write A°(H) to denote the maximum codegree
of H; that is, the maximum number of edges containing any two fixed vertices of H.

For a set D of size n and a partition P of D into m parts, we say that P is equitable to mean
that all parts P of P satisfy |P| € {|n/m], [n/m]|}, and when it does not affect the argument,
we will assume all parts of an equitable partition have size precisely n/m. For a set S and a
real number p € [0, 1], a p-random subset T' C S is a random subset in which each element of
S is included in T independently with probability p. A B-random subgraph of a graph G is a
spanning subgraph of G where the edge-set is a S-random subset of E(G). For an event £ in
any probability space, we write £ to denote the complement of £. For real numbers a, b, ¢ such
that b > 0, we write a = (1 £ b)c to mean that the inequality (1 —b)c < a < (1+b)c holds. For
a natural number n € N, we define [n] := {1,2,...,n}, and [n]y := [n] U {0}. We write z < y
to mean that for any y € (0,1] there exists an z¢g € (0,1) such that for all 0 < = < z( the
subsequent statement holds. Hierarchies with more constants are defined similarly and should
be read from the right to the left. Constants in hierarchies will always be real numbers in (0, 1].
We assume large numbers to be integers if this does not affect the argument.
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3. PROVING THEOREM 1.3

In this section, let ¢ be a 1-factorization of K, with vertex set V' and colour set C' = [n — 1].
We provide an overview of the proof of Theorem 1.3, and in fact, we prove Theorem 1.3 in the
case when n is even in Section 3.2 assuming two key lemmas which we prove in later sections.
In particular, we assume that n is even in Sections 3-6, so that the optimal edge-colouring ¢
we work with is a 1-factorization of K,,. In Section 7 we derive Theorem 1.3 in the case when n
is odd from the case when n is even. We will also deduce Corollary 1.4 from Theorem 1.3(ii) in
Section 7. Throughout the proof we work with constants €, ~,n, and u satisfying the following
hierarchy:

(3.1) I/ngegy<<n< pkl,

Our proof uses the absorption method as well as switching techniques. Note that the latter
is a significant difference to [14,26], which rely on the analysis of the random greedy triangle
removal process, as well as modifications of arguments in |23, 28] which bound the number of
Steiner triple systems. Our main objective is to show that with high probability, in a random
1-factorization, we can find an absorbing structure inside a random subset of ©(un) reserved
vertices, using a random subset of ©(un) reserved colours. A recent result [16, Lemma 16|,
based on hypergraph matchings, enables us to find a long rainbow path avoiding these reserved
vertices and colours, and using our absorbing structure, we extend this path to a rainbow
Hamilton path. More precisely, we randomly ‘reserve’ ©(un) vertices and colours and show that
with high probability we can find an absorbing structure. This absorbing structure consists of
a subgraph G,ps containing only reserved vertices and colours and all but at most vyn of them.
Moreover Gaps contains ‘flexible’ sets of vertices and colours Vhey and Chey each of size nn, with
the following crucial property:
(t) for any pair of equal-sized subsets X C Vjex and Y C Chex of size at most nn/2, the
graph G,ps — X contains a spanning rainbow path whose colours avoid Y.
Given this absorbing structure, we find a rainbow Hamilton path in the following three steps:
(1) Long path step: Apply [16, Lemma 16| to obtain a long rainbow path P; containing
only non-reserved vertices and colours and all but at most yn of them.
(2) Covering step: ‘Cover’ the vertices and colours not in G or P; using the flexible
sets, by greedily constructing a path P, containing them as well as sets X C Vjex and
Y C Chex of size at most nn /2.
(3) Absorbing step: ‘Absorb’ the remaining vertices and colours, by letting Ps be the
rainbow path guaranteed by (7).
In the covering step, we can ensure that P, shares one end with P; and one end with P so that
P U P, U Py is a rainbow Hamilton path, as desired. These steps are fairly straightforward, so
the majority of the paper is devoted to building the absorbing structure.
In Section 3.1, we present the details of this absorbing structure, and in Section 3.2, we prove
Theorem 1.3 (in the case when n is even) subject to its existence.

3.1. Absorption. Our absorbing structure consists of many ‘gadgets’ pieced together in a
particular way. First, we introduce these gadgets in the following definition (see also Figure 1).

Definition 3.1. For every v € V and ¢ € C, a (v, ¢)-absorbing gadget is a subgraph of K, of
the form A =T U @ such that the following holds:
T = K3 and Q = CYy,
T and @ are vertex-disjoint,
v € V(T) and there is a unique edge e € E(Q) such that ¢(e) = c,
if e1,eq € E(T) are the edges incident to v, then there is matching {€},e5} in @ not
containing e such that ¢(e;) = ¢(e}) for ¢ € {1, 2},
if e3 € E(T) is the edge not incident to v, then there is an edge e € E(Q) such that
{€ef, e} is a matching in @ and ¢(e3) = ¢(ef) # c.
In this case, a pair P, Py of paths completes the (v, c)-absorbing gadget A =T U Q if
e the ends of P; are non-adjacent vertices in @,
e one end of P, is in @ but not incident to e and the other end of P» is in V/(T') \ {v},



FIGURE 1. A (v,c)-absorber, where ¢(e;) = 7. The paths P and P, are drawn as zigzags.

e P, and P, are vertex-disjoint and both P; and P» are internally vertex-disjoint from A,

e P, U P; is rainbow, and

o p(PLUP)NG(A) =2,

and we say A" .= AU P, U P, is a (v, ¢)-absorber. We also define the following.

e The path P with edge-set E(P1) U E(P2)U{€}, e, es} is the (v, ¢)-avoiding path in A’
and the path P’ with edge-set E(P;) UE(P2)U{e1, ez, €5, e} is the (v, ¢)-absorbing path
in A’

o A vertex in V(A) \ {v}, a colour in ¢(A) \ {c}, or an edge in E(A) is used by the
(v, ¢)-absorbing gadget A.

Suppose A is a (v, ¢)-absorber that is part of the absorbing structure Gaps. Importantly, the
(v, ¢)-absorbing path is rainbow, spanning in A, and contains all the colours in ¢(A), and the
(v, ¢)-avoiding path is rainbow, spanning in A — v, and contains all the colours in ¢(A) \ {c}.
Thus, when proving (1), if v or ¢ is in X or Y, then the spanning rainbow path in Gaps — X
contains the (v, ¢)-avoiding path, and otherwise it may contain the (v, ¢)-absorbing path.

We build our absorbing structure out of (v, c)-absorbers, using a bipartite graph H as a
template, where one part of H is a subset of V' and the other part is a subset of C. For every
edge ve € E(H), we will have a (v, c)-absorber in the absorbing structure. It is convenient
for us to distinguish between a (v, ¢)-absorbing gadget and a (v, ¢)-absorber, because when we
build our absorbing structure, we first find a (v, ¢)-absorbing gadget for every ve € E(H) and
then find the paths completing each absorbing gadget, as in the following definition.

Definition 3.2. Let H be a bipartite graph with bipartition (V' C") where V! C V and C' C C,
and suppose A = {A, . : vc € E(H)} where A, is a (v, ¢)-absorbing gadget.
o We say A satisfies H if whenever A, ., A, » € A for some (v, c) # (v/, ), no vertex in
V(Ay,c) or colour in ¢(A, ) is used by Ay .
o If P is a collection of vertex-disjoint paths of length 4, then we say P completes A if
the following holds:
— Upep P is rainbow,
— no colour that is either in C” or is used by a (v,c)-absorbing gadget A,. € A
appears in a path P € P,
— no vertex that is either in V' or is used by a (v, ¢)-absorbing gadget A, . € A is an
internal vertex of a path P € P,
— for every (v, ¢)-absorbing gadget A, . € A there is a pair of paths Py, P, € P such
that P; and Pp complete A, . to a (v, c)-absorber A ., and
— the graph (Jyeq AUUpep P) \ V' is connected and has maximum degree three,
and P is minimal subject to this property.
e We say (A, P) is an H-absorber if A satisfies H and is completed by P. See Figure 2.
e We say a rainbow path T is a tail of an H-absorber (A, P) if
— one of the ends of T', say z, is in a (v, ¢)-absorbing gadget A, . € A such that « # v,
- V() NV(A) C{x} forall Aec Aand V(T)NV(P) =@ for all P € P, and
— o(T)N@p(A) =@ for all A€ Aand ¢(T)N¢(P) =2 for all P € P.
e For every matching M in H, we define the path absorbing M in (A,P,T) to be the
rainbow path P such that
— P contains |Jp/cp P/ UT and
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C2 &1

C2 C1

FIGURE 2. An H-absorber where H 2 K o with bipartition ({v1,v2}, {c1, c2}).

— for every ve € E(H), if ve € E(M), then P contains the (v, ¢)-absorbing path in
the (v, c)-absorber A, . and P contains the (v, c)-avoiding path otherwise (that is,
VPNV =V(M)NV"and ¢(P)NC' =V (M)NC").

Note that if P completes A, then some of the paths in P will complete absorbing gadgets
in A to absorbers, while the remaining set of paths P’ C P will be used to connect all the
absorbing gadgets in A. More precisely, there is an enumeration Ay, ..., A4 of A and an
enumeration Py, ..., P41 of P’ such that each P; joins A; to A;+1. In particular, for each
i€ [|A]]\{1,]Al}, each vertex in A; \ V' is the endpoint of precisely one path in P (and thus
has degree three in (J o 4 AUUpep P), while both Ay \ V' and A 4\ V’ contain precisely one
vertex which is not the endpoint of some path in P (and thus these two vertices have degree
two in (Jyeq AU Upep P). Any tail T' of an H-absorber (A, P) has to start at one of these
two vertices. Altogether this means that, given any matching M of H, the path absorbing M
in (A,P,T) in the definition above actually exists.

Our absorbing structure is essentially an H-absorber (A, P) with a tail T and flexible sets
Viex; Crex € V(H) for an appropriately chosen template H. If H — (X UY') has a perfect
matching M, then the path absorbing M in (A, P,T) satisfies (f). This fact motivates the
property of H that we need in the next definition.

First, we briefly discuss the purpose of the tail 7. Recall that we reserve ©(un) vertices
and colours for our absorbing structure. Our H-absorber, however, contains O(nn) vertices
and colours, yet we need our absorbing structure to contain all but at most yn of the reserved
vertices and colours. We need 1 < p in order to build the H-absorber greedily, i.e. by selecting
(v, ¢)-absorbing gadgets arbitrarily in turn for each edge of H, so the purpose of the tail then
is to extend the H-absorber to a structure containing almost all of the reserved vertices and
colours.

Definition 3.3. Let H be a bipartite graph with bipartition (A, B) such that |A| = |B|, and
let A’ C A and B’ C B such that |A'| = |B|.

e We say H is robustly matchable with respect to A’ and B’ if for every pair of sets X
and Y where X C A" Y C B', and |X| = |Y| < |A'|/2, there is a perfect matching in
H—(XUY).

e In this case, we say A’ and B’ are flexible and A\ A’ and B\ B’ are buffer sets.

This concept was first introduced by Montgomery [31]. If H is robustly matchable with
respect to Vaex and Chex, then an H-absorber (A, P) with tail T" satisfies (). The last property
of our absorbing structure that we need is that the flexible sets allow us to execute the covering
step, which we capture in the following definition.

Definition 3.4. Let Viex C V), let Chex C C', and let Ggex be a spanning subgraph of K.
o [fu,veV and c € C, and P C Gpey is a rainbow path of length four such that
— u and v are the ends of P,
— v/ w, v € Viex, where u/, v'w, wv',vv’ € E(P),

= o(ur'), p(wv'), p(vv') € Chex, and



— ¢(v'w) = ¢,
then P is a (Viex, Cliex, Giiex )-cover of u, v, and c.
e If P is a rainbow path such that P = Ule P; where P; is a (Viex, Chiex; Gfiex)-cover of

Vi, Vit1, and ¢;, then P is a (Viex, Cliex, Giex)-cover of {v1,...,vk41} and {c1,...,cx}.
e If H is a regular bipartite graph with bipartition (V’,C") where V' C V and C' C C
such that
— H is robustly matchable with respect to Viex and Chex where |Viex|, |Chiex| > 0n,
and
— for every u,v € V and ¢ € C, there are at least 6n? (Viex, Ciex, Giiex )-covers of u, v,
and c,

then H is a 0-absorbing template with flexible sets (Vaex, Cliex; Gfiex)-
e If (A, P) is an H-absorber where H is a §-absorbing template and 7T is a tail for (A, P),
then (A, P, T, H) is a §-absorber.

A 36~-absorber has the properties we need to execute both the covering step and the absorb-
ing step, which we make formal with the next proposition.

First, we introduce the following convenient convention. Given V” C V/ C V and " C
C’ C C, we say that (V”,C") is contained in (V',C") with §-bounded remainder if V"' C V',
C" C ', and |V'\V"],|C"\C"| < én. If G is a spanning subgraph of K,,, V/ C V, and C’' C C,
then we say a graph G’ is contained in (V',C’, G) with d-bounded remainder if (V(G'), p(G))
is contained in (V’/,C") with §-bounded remainder and G’ C G.

Proposition 3.5. If (A, P,T, H) is a d-absorber and P’ is a rainbow path contained in (V \
V', C\ C',G") with §/18-bounded remainder where

o V' = Usea V(A) UUpep V(P) UV(T)

o C"=Uyea?(A) UUpep ¢(P)U(T), and

o G’ is the complement of |Jye g AUUpep PUT,
then there is both a rainbow Hamilton path containing P’ and a rainbow cycle containing P’ and
all of the colours in C.

Proof. Order the colours in C'\ (¢(P')UC’) as ¢1,...,ck, and note that k < én/18. Order
the vertices in V' \ (P' U V') as vy,...,v,. Using that H is regular, it is easy to see that
|[V/| =|C’"| + 1, and thus £ = k — 1. Let vg and v, be the ends of P’, let u be the end of T not
in V(A) for any A € A, and let v’ be the unique vertex in (J,c 4 V(A) \ V(T') of degree two in
Uaca AU Upep P- Let (Viex, Chiex, Gaiex) be the flexible sets of H.

First we show that there is a rainbow Hamilton path containing P’. We claim there is
a (Viexs Chiex; Giex)-cover P of {vg,...,vx} and {e1,...,cx}, where vy = u. Suppose for
j €lk—1] and i < j that P; is a (Viex, Chiex, Gfiex )-cover of v;, viy1, and ¢; 41 such that UKj P;
is a rainbow path. We show that there exists a (Viex, Ciex, Gfiex)-cover P; of vj,vj4q, and
cj4+1 that is internally-vertex- and colour-disjoint from |J; ; B, which implies that Uigj F; is
a rainbow path, and thus we can choose the path P” greedily, proving the claim. Since each
vertex in Vhex and each colour in Chey is contained in at most 3n (Viex, Chex, Giex)-covers of
vj,Vj+1, and ¢j11, and since H is a d-absorbing template, there are at least om? — 18n - j
(Viiexs Chiex, Griex)-covers of vj,vj41, and ¢j41 not containing a vertex or colour from Ui<j P;.
Thus, since j < k < 0n/18, there exists a (Viex, Ciex; Giex)-cover Pj of v;,vj11, and ¢jyq such
that Ui§ j P; is a rainbow path, as desired, and consequently we can choose the path P” greedily,
as claimed.

Now let X = V(P") N Viex, and let Y = ¢(P") N Chex. Since |X| = Y] = 3k < [Vhex|/2
and H is robustly matchable with respect to Vhaex and Chey, there is a perfect matching M in
H — (X UY). Let P"” be the path absorbing M in (A, P,T). Then P'UP" U P" is a rainbow
Hamilton path, as desired.

Now we show that there is a rainbow cycle containing P’ and all of the colours in C. By
the same argument as before, there is a (Viex, Cliexs Giex)-cover P/ of {vo,...,v—1,u} and
{c1,...,cr—1} as well as a (Vhex, Cliex, Giiex)-cover Py of vj, v/, and ¢ such that P/ and Py
are vertex-and colour-disjoint. Letting X = V(P/' U PJ) N Vaex and Y = ¢(P; U Py) N Chex,
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letting M be a perfect matching in H — (X UY’) and P"” be the path absorbing M in (A, P,T)
as before, P'U P/ U Pj U P" is a rainbow cycle using all the colours in C, as desired. O

3.2. The proof of Theorem 1.3 when n is even. In this subsection, we prove the n even
case of Theorem 1.3 subject to two lemmas, Lemmas 3.8 and 3.9, which we prove in Sections 6
and 5, respectively. The first of these lemmas, Lemma 3.8, states that almost all 1-factorizations
have two key properties, introduced in the next two definitions. Lemma 3.9 states that if a 1-
factorization has both of these properties, then we can build an absorber using the reserved
vertices and colours with high probability.

Recall the hierarchy of constants ,~,n, u from (3.1). Firstly, we will need to show that if
G e g[j;ﬂ_” is chosen uniformly at random, then with high probability, for any V' CV, C' C C
that are not too small, G admits many edges with colour in C’ and both endpoints in V. This
property will be used in the construction of the tail of our absorber.

Definition 3.6. For D C C' = [n — 1], we say that G € Qg’l is e-locally edge-resilient if for all
sets of colours D' C D and all sets of vertices V! C V of sizes |V'|,|D’| > en, we have that
ev:.p(G) > 3n?/100.

Secondly, we will need that almost all G € gﬁfb’l_ 1] contain many (v, ¢)-absorbing gadgets for
allveV,ceC.

Definition 3.7. Let D C C' = [n —1].
e For G € gg’l, v €V,c€ D,andt € Ny, we say that a collection A, .y of (z, c)-absorbing
gadgets in G is t-well-spread if
— for all v € V, there are at most ¢ (=, c)-absorbing gadgets in A, ) using v;
— for all e € E(G), there are at most ¢ (, ¢)-absorbing gadgets in A, ) using e;
— for all d € D, there are at most ¢ (z, ¢)-absorbing gadgets in A(z,¢) using d.
e We say that G € Q[C;;l_l] is pu-robustly gadget-resilient if for all x € V and all ¢ € C, there

is a 5un/4-well-spread collection of at least u*n?/223 (z,c)-absorbing gadgets in G.

Lemma 3.8. Suppose 1/n < e,u < 1. If ¢ is a 1-factorization of K, chosen uniformly at
random, then ¢ is e-locally edge-resilient and p-robustly gadget-resilient with high probability.

We prove Lemma 3.8 using a ‘coloured version’ of switching arguments that are commonly
used to study random regular graphs. Unfortunately, 1-factorizations of the complete graph K,
are ‘rigid’ structures, in the sense that it is difficult to make local changes without global
ramifications on such a 1-factorization. Thus, instead of analysing switchings between graphs
in Q[CT‘L’I_”, we will analyse switchings between graphs in G&! for appropriately chosen D C [n—1].
In the setting of random Latin squares, this approach was used by McKay and Wanless [30]
and further developed by Kwan and Sudakov [27], and we build on their ideas. Finally, we
use results on the number of 1-factorizations of dense regular graphs due to Kahn and Lovész
(see Theorem 6.10) and Ferber, Jain, and Sudakov (see Theorem 6.11) to study the number

of completions of a graph H € ggﬂ to a graph G € gﬁ;ﬂ_ 1 and we use this information to

compare the probability space corresponding to a uniform random choice of H € ggﬂ, with the
probability space corresponding to a uniform random choice of G € g@;{u.
Lemma 3.9. Suppose 1/n < e K vy < n <K pu<Kl, andletp=q=p = 5u-+26887n/2 +
~v/3 — 26880e. If ¢ is an e-locally edge-resilient and p-robustly gadget-resilient 1-factorization
of K,, with vertex set V' and colour set C and

(R1) V' is a p-random subset of V.,

(R2) C' is a q-random subset of C, and

(R3) G' is a B-random subgraph of K,
then with high probability there is a 36y-absorber (A, P, T, H) such that |J e 4 AUUpep PUT
is contained in (V',C", G") with v-bounded remainder.



The final ingredient in the proof of Theorem 1.3 is the following lemma which follows from [16,
Lemma 16], that enables us to find the long rainbow path whose leftover we absorb using the
absorber from Lemma 3.9.

Lemma 3.10. Suppose 1/n < v <K p, and let ¢ = = p. If ¢ is a 1-factorization of K,, with
vertex set V' and colour set C' and

o V' is a p-random subset of V,

e (' is a g-random subset of C, and

e GG is a B-random subgraph of K,,
then with high probability there is a rainbow path contained in (V',C', G) with y-bounded re-
mainder.

We conclude this section with a proof of Theorem 1.3 in the case that n is even, assuming
Lemmas 3.8 and 3.9.

Proof of Theorem 1.3, n even case. By Lemma 3.8, it suffices to prove that if ¢ is an
e-locally edge-resilient and p-robustly gadget-resilient 1-factorization, then there is a rainbow
Hamilton path and a rainbow cycle containing all of the colours.

Let p = ¢ = (8 as in Lemma 3.9, let V1, V5 be a random partition of V' where V; is p-random
and V5 is (1 — p)-random, let Cy,Cs be a random partition of C' where C} is g-random and
Cy is (1 — g)-random, and let G; and G2 be f-random and (1 — )-random subgraphs of K,
such that E(G1) and E(G2) partition the edges of K,. By Lemma 3.9 applied with V' = V7,
C' = (4, and G’ = G1, and by Lemma 3.10 applied with V' = V5, ¢/ = Cy, and G = Go, the
following holds with high probability. There exists

(i) a 36vy-absorber (A, P, T, H) such that (J . 4 AUJpep PUT is contained in (V1,C1, G1)
with y-bounded remainder, and
(ii) a rainbow path P’ contained in (Va, Ca, G2) with y-bounded remainder.
Now we fix an outcome of the random partitions (Vi,V2), (C1,Cs2), and (G1,G2) so that (i)
and (ii) hold. By Proposition 3.5, there is both a rainbow Hamilton path containing P’ and a
rainbow cycle containing P’ and all of the colours in C, as desired. O

4. TooLs

In this section, we collect some results that we will use throughout the paper.

4.1. Probabilistic tools. We will use the following standard probabilistic estimates.

Lemma 4.1 (Chernoff Bound). Let X have binomial distribution with parameters n,p. Then
for any 0 <t < np,

—t2
P[|X —np| > t] <2exp () .
3np

Let X1,...,X,, be independent random variables taking values in X', and let f : X™ — R.
If for all ¢ € [m] and a}, x1,..., 2y € X, we have

\f(xl, ey Li—1,Tjy Lid1y - - - ,wm) — f(xl, e ,wi_l,x;,xiﬂ, v ,$m)| S Ci,
then we say X; affects f by at most ¢;.

Theorem 4.2 (McDiarmid’s Inequality). If Xi,..., X,, are independent random variables tak-
ing values in X and f : X™ — R is such that X; affects f by at most ¢; for all i € [m], then
for allt > 0,

t2
PHf(le--',Xm)_E[f(X17"'7Xm)]‘zt] < exp <_W> :
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4.2. Hypergraph matchings. When we build our absorber in the proof of Lemma 3.9, we seek
to efficiently use the vertices, colours, and edges of our random subsets V! C V,C' C C, E' C E,
and to do this we make use of the existence of large matchings in almost-regular hypergraphs
with small codegree. In fact, we will need the stronger property that there exists a large
matching in such a hypergraph which is well-distributed with respect to a specified collection of
vertex subsets. We make this precise in the following definition. Given a hypergraph H and a
collection of subsets F of V(H), we say a matching M in H is (y, F)-perfect if for each F' € F,
at most v - max{|F|, |V (#)|>/°} vertices of F are left uncovered by M. The following theorem
is a consequence of Theorem 1.2 in [4], and is based on a result of Pippenger and Spencer [33].

Theorem 4.3. Suppose 1/n < e < v < 1/r. Let H be an r-uniform hypergraph on n vertices
such that for some D € N, we have dy(x) = (1+)D for allx € V(H) and A°(H) < D/log” n.
If F is a collection of subsets of V(H) such that | F| < n'°8™ then there exists a (v, F)-perfect
matching.

We will use Theorem 4.3 in the final step of constructing an absorber (see Lemma 5.5). We
construct an auxiliary hypergraph H whose edges represent structures we wish to find, and a
large well-distributed matching in H corresponds to an efficient allocation of vertices, colours,
and edges of the 1-factorization to construct almost all of these desired structures. We remark
that this is also a key strategy in the proof of Lemma 3.10, and was first used in [25].

4.3. Robustly matchable bipartite graphs of constant degree. In this subsection, we
prove that there exist large bipartite graphs which are robustly matchable as in Definition 3.3,
and have constant maximum degree.

Definition 4.4. Let m € N.

e An RMBG(3m,2m,2m) is a bipartite graph H with bipartition (A, By U By) where
|A| = 3m and |By| = |Ba| = 2m such that for any B’ C By of size m, there is a perfect
matching in H — B’. In this case, we say H is robustly matchable with respect to By,
and that Bj is the identified flexible set.

e A 2RMBG(Tm,2m) is a bipartite graph H with bipartition (A, B) where |A| = |B| =
7m such that H is robustly matchable with respect to sets A’ C A and B’ C B where
|A'| = |B'| = 2m.

By [31, Lemma 10.7], for all sufficiently large m there exists an RM BG(3m,2m,2m) with
maximum degree at most 100. We use a one-sided (there is one flexible set) RM BG(3m, 2m, 2m)
exhibited in [16, Corollary 10| in which each of the vertex classes are regular, to construct a

256-regular two-sided (in that we identify a flexible set on each side of the vertex bipartition)
2RM BG(7Tm,2m).

Lemma 4.5. For all sufficiently large m, there is a 2RM BG(7m,2m) that is 256-regular.

Proof. Suppose that m € N is sufficiently large. By [16, Corollary 10|, there exists an
RM BG(3m,2m,2m) that is (256, 192)-regular (i.e. all vertices in the first vertex class have
degree 256 and all vertices in the second vertex class of have degree 192). Let H and H’
be two vertex-disjoint isomorphic copies of a (192,256)-regular RM BG(3m,2m,2m), and let
(A, By U By) and (A’, B U B)) be the bipartitions of H and H' respectively such that H is
robustly matchable with respect to By and H’ is robustly matchable with respect to Bj.

Let H” be a 64-regular bipartite graph with bipartition (B U Bz, B} U BS) such that H"[B; U
Bi] contains a perfect matching M. We claim that H U H' U H” is robustly matchable with
respect to By and Bj. To that end, let X C By and Y C Bj such that | X| = |[Y] < m.
It suffices to show that H U H' U H” — (X UY) has a perfect matching. Since H"[B; U Bj]
contains a perfect matching, H”[B; U Bj] — (X UY) contains a matching of size at least
2m — | X| — |Y] = 2(m — | X]|). Thus, there exists a matching M’ in H"[B; U Bj] — (X UY)
of size m — | X|. Let X' .= X U(BiNV(M') and Y’ :=Y U (B; NV (M')), and note that
|X'| = |Y'| =m. Since H is an RM BG(3m,2m,2m), H — X’ has a perfect matching M;, and
similarly H' — Y’ has a perfect matching M. Now M’ U M; U M, is a perfect matching in
HUH'UH" — (X UY), as required. Since H U H'U H" is 256-regular, the result follows. O
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5. CONSTRUCTING THE ABSORBER: PROOF OF LEMMA 3.9

Throughout this section, let ¢ be an e-locally edge-resilient and p-robustly gadget resilient
1-factorization of K, with vertex set V and colour set C, let E := E(K,), and recall

I/n<Kegy<n< <kl

Let H be a 256-regular 2RM BG(7m, 2m) where 2m = (17— 2¢)n, which exists by Lemma 4.5.
We define the following probabilities:

Pllex = 1), Qflex i 7577 ,

Pbuff = 577/27 dbuff — 377E/‘ %I

pie = O[E(A)|/n+ 3y ane = 12| /n+ 4
in — R ; ._

Pk = /3, Bk = /3

and we let Pmain = 1_pﬂex —Pbuff —Pabs _plink_p{ink and Gmain ‘= 1_QHex_QbuH_Qabs_q11nk_Q{ink'
Note that pmain = Gmain, and let 3 : =1 — pyain.

Definition 5.1. An absorber partition of V', C, and K, is defined as follows:
V= Vmain U Vﬂex U vbuff U Vabs U Viink U Vl{nka and
C= Cmain U C’ﬂex U C’buff U Cabs U C(link U Cllinka

where Vinain 1S pmain-random, Viey is pex-random etc, and the sets of colours are defined ana-
logously. Let V' := V' \ Viqain, C" := C'\ Chnain, and let G’ be a S-random subgraph of K.

Note that V', C’, and G’ satisfy (R1)-(R3) in the statement of Lemma 3.9.

(5.2)

5.1. Overview of the proof. We now overview our strategy for proving Lemma 3.9. First
we need the following definitions. A [link is a rainbow path of length 4 with internal vertices in
Viink UV} ., ends in V,ps, and colours and edges in Ciink UCT, . and G’ respectively. A link with
internal vertices in Vi and colours in Cliy is a main link, and a link with internal vertices
in Vii, and colours in Cy;, is a reserve link. If M is a matching and P = {Pe}ccp) is a
collection of vertex-disjoint links such that (Jpcp P is rainbow and Py, has ends u and v for
every uv € E(M), then P links M.

We aim to build a 36vy-absorber (A, P, T, H) such that J4. 4 AU Upep PUT is contained
in (V',C',G") with v-bounded remainder and H = H. First, we show (see Lemma 5.3) that
with high probability there is a 36y-absorbing template H = H, where

e H has flexible sets (Vj.,, Clox: G') and (Vioy, Choy) is contained in (Viex, Chex) with
3e-bounded remainder, and

e H has buffer sets V¢ and Cf 4 where (Vi 4, C} ) is contained in (Viug, Chug) with
6e-bounded remainder.

Then, we show that with high probability, there exists an H-absorber (A, P) where

e for every vc € E(H), the (v, c)-absorbing gadget A, . € A uses vertices, colours, and
edges in Vyps, Caps, and G, respectively, and
e every P € P is a link.
In particular, if A = {Ay,..., Ax}, where A; is a (v;, ¢;)-absorbing gadget, then P links the
matching M U My U M3, where V (M), V(Ms), and V(M3) are pairwise vertex-disjoint, and

(M1) My = {ris1,...,7kSk}, where r; and s; are non-adjacent vertices of the 4-cycle in A;,
for each i € [k],

(M2) My = {wixy,...,wprr}, where w; is a non-v; vertex of the triangle in A; and z; is a
vertex of the 4-cycle in A;, for each i € [k], and

(M3) M3 = {y122,...,Yx—12k}, Where y; is a non-v; vertex of the triangle in A; for each

i € [k — 1], and z; is a vertex of the 4-cycle in A; for each i € [k] \ {1}.
Finally, letting V. and C/, . be the vertices and colours in Vs and Cyps not used by any
(v, ¢)-absorbing gadget in A, we show that with high probability there is a tail T for (A, P)
where T is the union of
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FIGURE 3. An absorber (A, P, T, H), where P links U?:l M;and T = MU pcr P, where T
links M4. Links are drawn as zigzags.

e a rainbow matching M contained in (V, ,C!, ., G') with 6e-bounded remainder and
e a collection T of vertex-disjoint links where all but one vertex in V(M) is the end of
precisely one link.
In particular, if E(M) = {a1b1,...,asbs}, then T links My, where
(M4) My is a matching of size ¢ with edges b;a;t1 for every ¢ € [¢ — 1] and an edge va; where
v is one of the two vertices used by a gadget in A that is not in a link in P.

See Figure 3.

Fact 5.2. Suppose that A satisfies H. If PUT links My U---UDMy, where P links MU MoU Ms
and T links My, then P completes A and thus (A, P) is an H-absorber. Moreover, T :=
M UUper P is a tail of (A, P). Thus (A, P,T,H) is a 36y-absorber.

We find these structures in the following steps. For Steps 1 and 2, see Lemma 5.4, and for
Steps 3 and 4, see Lemma 5.5.

1) First, we find the collection A of absorbing gadgets greedily, using the robust gadget-
resilience property of ¢,

2) then we greedily construct the matching M, using the local edge-resilience property of
¢.

3) Next, we construct an auxiliary hypergraph in which each hyperedge corresponds to a
main link and apply Theorem 4.3 to choose most of the links in P, and

4) finally we greedily choose the remainder of the links in P from the reserve links.

5.2. The absorbing template.
Lemma 5.3. Consider an absorber partition of V', C, and K,. With high probability, there

exists a 36y-absorbing template H = H, where

(5.5.1) H has flezible sets (Vi Cgers G') where (Vi Cp,,) is contained in (Viex, Chiex) with
3e-bounded remainder, and

(5.3.2) H has buffer sets Vi, ¢ and C| & where (V| ¢, C} &) is contained in (Vpug, Coug) with
6e-bounded remainder.

Proof. For convenience, let p := pgex and ¢ := gpex. We claim that the following holds with
high probability:
(8) [Vioxh |Ciex] = (n £ ),
(b) [Vougtl, |Crut] = (51/2 £ €)n, and
(c) for every distinct u,v € V and ¢ € C, there are at least p3¢8*n?/4 (Viex, Ciex, G7)-
covers of u, v, and c.



13

Indeed, (a) and (b) follow from the Chernoff Bound (Lemma 4.1). To prove (c), for each
u,v, and ¢, we apply McDiarmid’s Inequality (Theorem 4.2). Consider the random variable f
counting the number of (Vgex, Chex, G')-covers of u, v, and ¢. Note that f is determined by the
following independent binomial random variables: {X,},cy, where X, indicates if z € Ve,
{X}eeo, where X indicates if ¢ € Cgeyx, and for each edge e, the random variable X, which
indicates if e € E(G’"). We claim there are at least 2(n/2 — 2)(n — 7) (V,C, K, )-covers of u,
v, and ¢. To that end, let v'w be a c-edge with v/, w € V' \ {u,v}. There are at least n — 7
vertices v € V' \ {u,v,u/,w} such that ¢(vv'), p(wv’) ¢ {p(un'),c}, and for each such vertex
v" the path wu/wv'v is a (V,C, K,)-cover of u, v, and c¢. Similarly, there are at least n — 7
(V,C, K,)-covers of the form uwu'v'v. Altogether this gives at least 2(n/2 — 2)(n — 7) > n?/2
(V,C, Ky,)-covers of u, v, and ¢, as claimed. Therefore E[f] > p3¢®3*n?/2. For each z € V, X,
affects f by at most 3n, and X, and X, each affect f by at most n, and for each ¢’ € C, X
affects f by at most 3n. For each edge e not incident to u or v, if e is a c-edge, then X, affects
f by at most 2n, and otherwise e affects f by at most two. Thus, by McDiarmid’s Inequality
applied with ¢t = E[f] /2, there are at least p3¢®3*n?/4 (Viex, Ciex, G')-covers of u, v, and ¢
with probability at least 1 — exp (—p6q6ﬂ8n4 / O(n3)). Thus by a union bound, (c) also holds
with high probability.

Now we assume (a)—(c) holds, and we show there exists a 36+y-absorbing template H = H
satisfying (5.3.1) and (5.3.2).

Since m = (n/2 — e)n, by (a) and (b), there exists Vi, € Viiex; Cliox € Chexs Vi € Voutt,
and Cf g C Chug, such that [V |, |Chel = 2m and |V 4], |C] 4| = 5m, which we choose
arbitrarily, and moreover, |Viex \ Viey|s |Chiex \ Chex| < 3en and |Viug \ Vi ls [Coust \ Cf y] < 6en,
as required. Choose bijections from Vi, Cf... Viug, and Cf g to the flexible sets and the
buffer sets of H arbitrarily, and let H = H be the corresponding graph. Now H satisfies (5.3.1)
and (5.3.2), as required, so it remains to show that H is a 36y-absorbing template. Since each
vertex or colour in Viey or Cey is in at most 3n (Viex, Chex, G')-covers of u, v, and ¢, (a) and (c)
imply that there are at least p3¢®3*n?/4 —18en? > 36yn? (Vj,, Cheyr G')-covers of u, v, and c,
so H is a 36y-absorbing template, as desired. O

5.3. Greedily building an H-absorber.

Lemma 5.4. Consider an absorber partition of V, C, and K. The following holds with high
probability. Suppose Vies € Vier U Viygr and Chres € Cleg U Chygr. For every graph H = H with
bipartition (Vies, Cres), there exists

(5.4.1) a collection A = {Ayc: ve € E(H)} such that A satisfies H and such that for all Ay. € A

we have that A,. uses vertices, colours, and edges in Vyns, Cans, and G’ respectively, and

(5.4.2) a rainbow matching M contained in (V) ,,Cl, ., G') with 5e-bounded remainder, where
a{bs and C:zbs are the sets of vertices and colours in Vyps and Caps not used by any

absorbing gadget in A.

Proof. For convenience, let p := paps and q := gaps in this proof.

Since ¢ is p-robustly gadget-resilient, for every v € V, ¢ € C, there is a collection A, .
of precisely 2= 2un? (v, c)-absorbing gadgets such that every vertex, every colour, and every
edge is used by at most 5un/4 of the A € A, .. (Recall from Definition 3.1 that a (v,c)-
absorbing gadget does not use v and ¢.) Fix v € V, ¢ € C. The expected number of the
(v, ¢)-absorbing gadgets in A, . using only vertices in V,ps, colours in Cyps, and edges in G’
is p9¢®B7|Ayc|. Let &, be the event that fewer than pbq3S7| A, c|/2 of the (v,c)-absorbing
gadgets in A, . use only vertices in Vaps, colours in Cyps and edges in G’. We claim that
P[] < exp(—27""p" 08 u0n).

To see this, for each u € V, d € C, e € E, let my, mg, and me denote the number of
(v, c)-absorbing gadgets in A, . using u, d, and e, respectively. We will apply McDiarmid’s
Inequality (Theorem 4.2) to the function f, . which counts the number of A € A, . using
only vertices in Vs, colours in Cyps, and edges in G'. We use independent indicator random
variables { X, buev U {Xg}tacc U {Xc}eerp which indicate whether or not a vertex u is in Vyps,
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a colour d is in Cyps, and an edge e is in G’. Each random variable X,,, X4, X, affects f, . by
at most my,, mgq, me, respectively. Since m,, < 5un/4 for all u € V and my < 5un/4 for all
de C,wehave Y, ., m2, 3 com? < 25p*n3/16. Since Y cpme = 7| Ayc| and me < 5un/4
for all e € E, it follows that Y .. pm2 < 35un|A,|/4. Therefore, by McDiarmid’s Inequality,
we have

12,6 814) 4. 12/4 -
P[Eye] < exp <— 25“§n3386+ 5|’)5u;1||«4{0,c|/4> < exp(—27"1p"¢° B ),

as claimed. Thus, by a union bound, the probability that there exist v € V, ¢ € C such that &, .
holds is at most exp(—2722p2¢%314,%n).

We claim the following holds with high probability:

(a) |Vabs| = (p £ e)n and |Cyps| = (¢ £e)n;
(b) for every v € V, ¢ € C, the event &, . does not hold;
(c) for every V° C V,ps and C° C Cyps such that [V°[,|C°| > en, there are at least
Be3n? /200 edges in G’ with both ends in V° and a colour in C°.
Indeed, (a) holds by the Chernoff Bound (Lemma 4.1), we have already shown (b), and since
¢ is e-locally edge-resilient, (c) holds by applying the Chernoff Bound for each V° and C° and
using a union bound.

Now we assume that (a)—(c) hold, we suppose H = H has bipartition (Vies, Cres) contained in
(Vaiex U Vbutt, Ciex UChust), and we show that (5.4.1) and (5.4.2) hold. Arbitrarily order the edges
of Hasei,...,epm)- Leti € [|[E(H)|] and suppose that for each j < i we have found a (vj, ¢;)-
absorbing gadget A;, where e; = vjc;, and further, the collection {A;,..., A;_1} satisfies the
spanning subgraph of H containing precisely the edges ey, ...,e;—1. Writing e; = v;c;, by (b)
there is a collection Afjf’iz of at least 2724pS¢3 37 u*n? (v;, ¢;)-absorbing gadgets each using only
Vaps-vertices, Caps-colours, and G’-edges, and moreover, each vertex in V,pg, colour in Cypg, and
edge in G’ is used by at most 5un/4 of the A € A2PS . Thus, at most 20un -i < 20un|E(H)| <

vZ7C’L
17920nun? of the (v;, ¢;)-absorbing gadgets in .A?fiz use a vertex, colour, or edge used by any

of the A; for j < . Since |A31’Z] > 2724p0¢3 87 utn?, we conclude that there is at least one

(v4, ¢;)-absorbing gadget A € A%EZZ using vertices, colours, and edges which are disjoint from

the vertices, colours, and edges used by Aj;, for all j < ¢. We arbitrarily choose such an A to
be A;. Continuing in this way, it is clear that A := {Ai}Li(lH)‘ satisfies H, so (5.4.1) holds.

Now we prove (5.4.2). Let V. and C?, = be the vertices, colours, and edges in Vyps and Caps
not used by any (v, ¢)-absorbing gadget in .A. By (a) and (5.1), we have |V, | = (2u+¢)n and
|C!s] = (pEe)n. Thus, by (c), we can greedily choose a rainbow matching M in (V, ., C!, ., G")

of size at least (u — 2¢)n, and M satisfies (5.4.2). O

5.4. Linking. Lastly, we need the following lemma, inspired by [16, Lemma 20|, which we use
to both complete the set of absorbing gadgets obtained by Lemma 5.4 to an H-absorber and
also construct its tail. Recall that links were defined at the beginning of Section 5.1.

Lemma 5.5. Consider an absorber partition of V., C, and K,,. The following holds with high
probability. For every matching M such that V(M) C Vans and |Vans \ V(M)| < en, there ezists
a collection P of links in G' such that

(5.5.1) P links M and
.o. 1s contained 1 (Vink U Vi1, Clink U Cy: 1, with v/2-bounded re-
5.0.2) Upep P\ V(M d \% Vlink C) C{mk G’ h ~v/2-bounded
mainder.

Proof. We choose a new constant ¢ such that ¢ < § < . For convenience, let p := pjju and
g = Qiink, let G be the spanning subgraph of G’ consisting of edges with a colour in Cji,y, and
let G be the spanning subgraph of G’ consisting of edges with a colour in Cf, .. First we claim
that with high probability the following holds:

(8) Vil = (9 €. |Gt = (0 £ ), [Wi| = (7/3 % ), amd |G| = (/3 % ),

(b) |Vabs| = (1 £ &)papsn = (1 £ €)2pn/3,

(c) for all v € V, we have



15

() [Nay (1) 1 Vase| = (1% £)pansBan = (1% <)2pBqn/3 and
(i) |Ne (0) N Vil = (1% )pSign,
(d) for all ¢ € C, we have
() | £ (Vabs, Vik)| = (1 £)paspBin = (1% £)2528n,/3 and
(i) |E(G Vim)| = (1% )p?Bn /2,
(e) for all distinct u,v € V, we have |Ng, (v) N Ng, (v) N Vink| = (1 & €)pB2¢®n, and
(f) for all u,v € V we have |Ng,(u) N Ng, (v) N Vi, | > +n.

Indeed (a)—(d) follow from (5.1) and the Chernoff Bound. We prove (e) and (f) using Mc-
Diarmid’s Inequality. To prove (e), for each u,v € V, we apply McDiarmid’s Inequality to
the random variable f counting |Ng, (u) N Ng, (v) N Vink| with respect to independent bino-
mial random variables { X, Xuw, Xow twey and {X:}ecec, where X, indicates if w € Wy,
Xuw and X, indicate if the edges ww and vw respectively are in G’, and X, indicates if
¢ € Clink. For each w € V, X, Xy, and X, affect f by at most one, and for each ¢ € C,
X, affects f by at most two. Thus, by McDiarmid’s Inequality with ¢ = ¢E[f] /2, we have
|NG, (u) NNg, (v) M Viink| = (1£¢€)pB2g*n with probability at least 1 —exp (—(epB2¢*n/2)?/Tn).
By a union bound, (e) also holds with high probability. The proof of (f) is similar, so we omit
it.

Now we assume (a)—(f) hold, we suppose M is a matching such that V(M) C Vs and
[Vabs \ V(M)| < en, and we show that (5.5.1) and (5.5.2) hold with respect to M. Since
[Vabs \ V(M)| < en, (b) implies that

(5.3) V(M) = (1 /e)2pn/3.

We apply Theorem 4.3 to the following 8-uniform hypergraph #H: the vertex-set is E(M) U
Viink U Clink, and for every xy € E(M), v1,v2,v3 € Viink, and c1,¢a,c3,¢4 € Clnk, H contains
the hyperedge {zy, v1,v2, v3, c1, ca, 3, ¢4} if there is a main link P such that

e P has ends x and y,
e vy, Vg, and vy are the internal vertices in P, and

o ¢(P) ={c1,c2,c3,ca}
Claim 1: dy(v) = (1 £ 2\/e)p*Bi¢*n? for all v € V(H).

Proof of claim: Let xy € E(M). By (a), there are (1+¢)pn vertices v1 € Viink that can be in a
link P with ends « and y corresponding to a hyperedge in ‘H, where v; is not adjacent to x or y.
For each such vy € Wik, by (e), there are (1 £ 5)pﬁ2q2n choices for the vertex in Vi adjacent
to both = and vy in P, and for each such vy € Wk, again by (e), there are (1 4 2¢)pB2¢®n
choices for the vertex in Wik adjacent to both vy and y in P such that P is a main link. Thus,
dy(zy) = (1 £ 5¢)p>BAg*n3, as required.

Now let v1 € Wik First, we count the number of hyperedges in H containing v; correspond-
ing to a link P where v; is adjacent to one of the ends. By (c), and since |Vans \ V(M)| < en,
there are (1 £ /2)2pBgn/3 choices of the vertex € V(M) adjacent to v in P. For each such
x, again by (c), there are (14 2¢)pBgn choices of the vertex vo € Vjink adjacent to y in P where
ry € E(M). For each such vy € Vi, by (e), there are (1 & 2¢)pB2¢*n choices of the vertex
vs € Viink adjacent to both v1 and ve in P. Thus, the number of hyperedges in ‘H containing vy
corresponding to a link where v; is adjacent to one of the ends is (1 + 2,/2)2p®B*q*n3/3.

Next, we count the number of hyperedges in H containing v corresponding to a link P where
vy is not adjacent to one of the ends. By (5.3), there are (1 £ /e)pn/3 choices for the edge
xy € E(M) where x and y are the ends of P. For each such zy € E(M), by (e), there are
(1:|:5)p52q2n choices of the vertex v9 € Vjink such that vy is adjacent to x and v in P, and again
by (e), for each such vy € Vi, there are (142¢)pB2¢*n choices of the vertex vz € Vi adjacent
to both y and v in P. Thus, the number of hyperedges in A containing v corresponding to a
link where v; is not adjacent to one of the ends is (1 + 2/¢)p?3*¢*n3/3, so

dy(v1) = (1 £2/2)(2p° B ™ n?/3) + (1 £ 2v/E)p* B¢ n? /3 = (1 £ 2v/E)p*BYg"n?,
as required.

Now let ¢1 € Ciypk. First we count the number of hyperedges in H containing ¢; corresponding
to a link P where ¢; is the colour of one of the edges incident to an end of P. By (d), and since
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[Vabs \ V(M)| < en, there are (1 4+ \/€)2p?An/3 choices of the edge xv| in P where x € V(M)
is an end of P and ¢(xv;) = ¢;. For each such edge xzvi, by (c), there are (1 & 2¢)pBgn choices
of the vertex ve € Vjink adjacent to y in P where xy € E(M). For each such vertex vy, by (e),
there are (1 % 2¢)pB2¢®n choices of the vertex vz adjacent to both v; and v in P. Thus, the
number of hyperedges in H containing c¢; corresponding to a link where c; is the colour of one
of the edges incident to an end of P is (1 4 2+/2)2p*p4¢®n3/3.

Next, we count the number of hyperedges in H containing ¢y corresponding to a link P where
c1 is the colour of one of the edges with both ends in V. By (d), there are (1 4 ¢)p?3n/2
choices for the edge vivy in P such that ¢(viv2) = ¢, and thus (1 & €)p?Bn choices for the
edge if we assume v; is adjacent to an end in P. For each such edge vjve, by (c), and since
[Vabs \ V(M)| < en, there are (14 +/€)2pBgn/3 choices for the vertex z € V(M) adjacent to vy
in P. For each such vertex x, by (e), there are (14 2¢)p32¢®n choices for the vertex vz adjacent
to both y and v in P, where zy € E(M). Thus, the number of hyperedges in H containing
c1 corresponding to a link where ¢; is the colour of one of the edges with both ends in Vi, is

(14 2v/2)2p*B4n3/3, so by (5.1)
dy(cr) = (1£2ve)4p'3Y¢*n’ 13 = (L £ 2VE)p’ B¢ 0,

as required to prove Claim 1. —

Claim 2: A°(H) < 100n2.

This can be proved similarly as above (with room to spare). Let F := { E(M), Viink, Clink }- By
Theorem 4.3, H has a (§, F)-perfect matching M. Let P; be the collection of links corresponding
to M, and let M’ be the matching consisting of all those zy € E(M) that are not covered by
M. To complete the proof, we greedily find a collection Ps of reserve links that links M.

Write E(M') = {z1y1, ..., Tryx }, and suppose P, is a reserve link with ends x; and y; for i < j,
where j € [k]. We show that that there is a reserve link P; that is vertex- and colour-disjoint
from UK]. P;, which implies that (J_; P; links {@1y1,...,2;y;}, and thus we can choose Py
greedily. Since k < dn and each link has at most three vertices in V{{ ,, by (a), there is a vertex
v € Vi \ Uic; V(B). By (f), there are at least v5n — 115 vertices v1 € (Ng,(z;) N Ny (v) N
Vi) \Ui<; V(1) such that ¢(z;v1), ¢(viv) ¢ U,-; ¢(F;), and since j/n < § <, we may let vy
be such a vertex. Similarly, by (f), there is a vertex va € (Ng,(y;) N Na, (v) "V ) \Ui<; V(5%)
such that ¢(y;v2), p(v2v) ¢ U;c; &(F) U {d(xjv1), d(viv)}. Now there is a reserve link P;
with ends x; and y; and internal vertices v, v, and vy that is vertex- and colour-disjoint from
Ui< j P;, as claimed, and therefore there exists a collection Py of reserve links that links M’.
Now P; U P links M, so (5.5.1) holds. By (a), and since M is (9, F)-perfect, (5.5.2) holds, as
required. O

5.5. Proof. We now have all the tools we need to prove Lemma 3.9.

Proof of Lemma 3.9. Consider an absorber partition of V', C', and K,,. By Lemmas 5.3, 5.4,
and 5.5, there exists an outcome of the absorber partition satisfying the conclusions of these
lemmas simultaneously. In particular, by Lemmas 5.3 and 5.4 there exists H, A, and M such
that, writing (Vies, Cres) for the bipartition of H,

e H = H is a 36vy-absorbing template satisfying (5.3.1) and (5.3.2),

o A and H satisfy (5.4.1), and

o M satisfies (5.4.2).
Write A = {A1,...,Ax} and E(M) = {a1by, ..., asbs}. Consider My U My U M3 U My, where M;
is a matching satisfying (Mi) for i € [4] (see Section 5.1). By (5.4.2) we have |Vips \ V(M) U
-+« UMy)| <5en+1 < 6en. Thus by Lemma 5.5 there exist collections of links P and T in G’
such that

e PUT is a collection of links satisfying (5.5.1) with respect to U?Zl M; and

e PUT satisfies (5.5.2).
In particular P links U?Zl M; and T links My. Let T :== MU|Jp.y P. By Fact 5.2, (A, P,T, H)
is a 36y-absorber, as desired. Moreover, since H satisfies (5.3.1) and (5.3.2), M satisfies (5.4.2),
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and P U T satisfies (5.5.2), we have |J e 4 AU Upep P UT is contained in (V',C’,G") with
~v-bounded remainder, as required. O

6. FINDING MANY WELL-SPREAD ABSORBING GADGETS

The aim of this section is to prove Lemma 3.8, which states that, for appropriate u,e,
almost all 1-factorizations of K, are e-locally edge-resilient and p-robustly gadget-resilient.
We will use switchings in ggﬂ for appropriate D C [n — 1] to analyse the probability that a
uniformly random G € Q%ﬂ satisfies the necessary properties, and then use a ‘weighting factor’
(see Corollary 6.12) to make comparisons to the probability space corresponding to a uniform

random choice of G € Q[C;L)L”.

6.1. Switchings. We begin by analysing the property of e-local edge-resilience.

Lemma 6.1. Suppose 1/n < ¢ < 1, and let D C [n— 1] have size |D| = en. Suppose G € G&!
is chosen uniformly at random. Then P |G is e-locally edge-resilient] > 1 — exp(—&3n?/1000).

Proof. Note that if G € Qf)ol has at least £3n?2 /100 edges with endpoints in V’ for all
choices of V! C V of size precisely en, then G is e-locally edge-resilient. Fix V' C V of size
precisely en. For any G € ggﬂ, we say that a subgraph H C G together with a labelling
of its vertices V(H) = {u,v,w,z,y, 2z} is a spin system of G it E(H) = {vw,zy, zu}, where
u,v € V' w,x,y,z € VAV w,wz,yz ¢ E(G), and ¢¢(vw) = ¢pa(xy) = ¢pa(zu). (Note that
different labellings of a subgraph H C G that both satisfy these conditions will be considered
to correspond to different spin systems of G.) We now define the spin switching operation.
Suppose G € QJCDOI and H C G is a spin system. Then we define spiny(G) to be the coloured
graph obtained from G by deleting the edges vw, xy, zu, and adding the edges uv, wz,yz, each

with colour ¢ (vw). Writing G’ := spiny (G), we have G’ € G and ey p(G') = ey p(G) + 1.

We define a partition {Ms}gio) of GX! by setting M; = {G € G%': ey' p(G) = s}, for
each s € [(5')]o. For each s € [(%') — 1]o we define an auxiliary bipartite multigraph B, with
vertex bipartition (Mg, Msy1), where for each G € M, and each spin system H C G we put an
edge in By with endpoints G € M, and sping(G) € Msy1. Define d; = mingen, dp,(G) and
Agy1 = maxgenm,,, dB,(G). Observe, by double counting e(B;), that [M|/|Mgy1| < Agy1/0s.
To bound Agyq from above, we fix G € M,1; and bound the number of pairs (G, H), where
G € M, and H is a spin system of G such that sping (G) = G’. There are s+ 1 choices for the
edge e € Eys p(G’) created by a spin operation, and 2 choices for which endpoint of e played
the role of u in a spin, and which played the role of v. Now there are at most (n/2)? choices
for two edges with colour ¢/ (e) in G’ with both endpoints outside of V', and at most 8 choices
for which endpoints of these edges played the roles of w,x,y, z in a spin operation yielding G’.
We deduce that Agyq < 4(s + 1)n?.

Suppose that s < £3n2/80. To bound §s from below, we fix G € M; and find a lower bound
for the number of spin systems H C G. For a vertex v € V', let D (v) C D denote the set of
colours ¢ € D such that the c-neighbour of v is not in V', in G. Let V% == {v € V': |Dg(v)| >
9en/10}, and suppose for a contradiction that |Vi| < 9en/10. Then there are at least en/10
vertices v € V/ for which there are at least en/10 colours ¢ € D such that the c-neighbour of v
is in V', in G, whence s = ey p(G) > €2n?/200 > £3n%/80 > s, a contradiction. Note further
that, since s < n?/80, there are at least (95"2/10) —e%n?/80 > e%n? /4 pairs {a,b} € (VQC?) such
that ab ¢ E(G). For each such choice of {a, b}, there are two choices of which vertex will play
the role of u and which will play the role of v in a spin system. Since u,v € Vi, there are at
least 4en/5 colours ¢ € D such that the c-neighbour z of u, and the c-neighbour w of v, are
such that w,z € V'\ V', in G. Finally, there are at least n/2 — 3en > n/4 edges coloured ¢
in G with neither endpoint in V' U Ng(w) U Ng(z), and two choices of which endpoint of such
an edge will play the role of x, and which will play the role of y. We deduce that J; > e3n/5.
Altogether, we conclude that if s < £3n%/80 and Mj is non-empty, then M, is non-empty
and |Mg|/|Ms11] < 20(s + 1)n?/e3nt < 1/2.
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Now, fix s < £n2/100. If M, is empty, then P [evr’D(G) = s] = 0. If M is non-empty, then

637L2/80—1 |M| 1 83712/80—8
z S <> ’
| M1 2

_ |MS‘ < |MS‘ _ H
IGRY | Me3p250]

Jj=s

P [evljp(G) = S]

and thus
e3n2/100

3,2
P [ey: < £3n2/100] < —(£°n2/80 — 5)In2) < S
lev' p(G) < &’n?/100] < ; exp(—(e°n“/80 — s)In2) < exp <00

A union bound over all choices of V' C V of size en now completes the proof. U

We now turn to showing that for suitable D C [n—1], almost all G € Q}}Ol are robustly gadget-
resilient, which turns out to be a much harder property to analyse than local edge-resilience,
and we devote the rest of this section to it. We first need to show that almost all G € Qgﬂ are
‘quasirandom’, in the sense that small sets of vertices do not have too many crossing edges.

Definition 6.2. Let D C [n—1]. We say that G € G%! is quasirandom if for all sets A, B C V,
not necessarily distinct, such that |A| = |B| = |D|, we have that eq(A, B) < 8(|D|—1)3/n. We
define Q%' == {G € G&': G'is quasirandom}.

When we are analysing switchings to study the property of robust gadget-resilience (see
Lemma 6.8), it will be important to condition on this quasirandomness. One can use another

switching argument to show that almost all G € Q%’l are quasirandom.

Lemma 6.3. Suppose that 1/n < pu < 1, let D C [n— 1] have size |D| = pn+ 1. Suppose that
G e Qg’l s chosen uniformly at random. Then P [G € Q%’q > 1 — exp(—u®n?).

Proof. Fix A, B C V satisfying |A| = |B| = un+1. For any G € G%!, we say that a subgraph
H C G together with a labelling of its vertices V(H) = {a,b,v,w} is a rotation system of G if
E(H) = {ab,vw}, where a € A, b€ B, v,w ¢ AUB, aw,bv ¢ E(G), and ¢g(ab) = ¢g(vw).
We now define the rotate switching operation. Suppose G € QBOI and H C G is a rotation
system. Then we define roty(G) to be the coloured graph obtained from G by deleting the
edges ab, vw, and adding the edges aw, bv, each with colour ¢¢(ab). Writing G’ = rotgy(G),
notice that G’ € G¥! and e/ (A, B) = eq(4, B) — 1.

Lemma 6.3 follows by analysing the degrees of auxiliary bipartite multigraphs By in a similar
way as in the proof of Lemma 6.1. We omit the details. O

Next we will use a switching argument to find a large set of well-spread absorbing gadgets (cf.
Definition 3.7). For this, we consider slightly more restrictive substructures than the absorbing
gadgets defined in Definition 3.1. These additional restrictions (an extra edge f as well as
an underlying partition P of the colours) give us better control over the switching process:
they allow us to argue that we do not create more than one additional gadget per switch. Let
D Cn—1],c€[n—1]\ D, write D* :== DU{c}, and let G € G&!. Suppose that P = {D;}1,
is an (ordered) partition of D into four subsets, and let x € V.

Definition 6.4. An (z,c, P)-gadget in G is a subgraph J = AU {f} of G the following form
(see Figure 4):
(i) Ais an (z,c)-absorbing gadget in Gj
(ii) there is an edge e; € da(z) such that ¢(e;) € Di, and the remaining edge ex € da(x)
satisfies ¢(e2) € Do;
(ili) the edge es of A which is not incident to x but shares an endvertex with e; and an
endvertex with eq satisfies ¢(e3) € Ds;
(iv) f = zvisan edge of G, where v is the unique vertex of A such that ¢p(94(v)) = {c, p(e1)};

(v) ¢(f) € Da.
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FIGURE 4. An (z,c, P)-gadget. Here, ¢(f) € D4, ¢(e) = c, and ¢(e;) = ¢(e;) € D; for each i € [3].

We now define some terminology that will be useful for analysing how many (z, ¢, P)-gadgets
there are in a graph G € gg’,}, and how well-spread these gadgets are. Each of the terms we
define here will have a dependence on the choice of the triple (z, ¢, P), but since this triple will

always be clear from context, for presentation we omit the (z, ¢, P)-notation.

Definition 6.5. We say that an (z,c,P)-gadget J in G is distinguishable in G if the edges
es, ey of J such that ¢(e3) = ¢(es) € D3 are such that there is no other (z, ¢, P)-gadget J' # J
in G such that e3 € E(J') or e € E(J').

We will aim only to count distinguishable (z, ¢, P)-gadgets, which will ensure the collection
of gadgets we find is well-spread across the set of edges in G € QCOI that can play the roles
of e3, e4. We also need to ensure that the collection of gadgets we find is well-spread across the
c-edges of G.

Definition 6.6.

e For each c-edge e of G € ggﬁ}, we define the saturation of e in G, denoted satg(e), or
simply sat(e) when G is clear from context, to be the number of distinguishable (z, ¢, P)-
gadgets of G which contain e. We say that e is unsaturated in G if sat(e) < |D| — 1,
saturated if sat(e) > |D|, and supersaturated if sat(e) > |D| 4+ 6. We define Sat(G) to
be the set of saturated c-edges of G, and Unsat(G) = E.(G) \ Sat(G).

e We define the function r: G! — [n|D| /2]y by

r(G) = |D|[Sat(G)|+ Y sat(e).

e€Unsat(G)

In Lemma 6.8, we will use switchings to show that r(G) is large (for some well-chosen P)
in almost all quasirandom G € QCOI In Lemma 6.9, we use distinguishability, saturation, and
the fact that any non-x vertex in an (z, ¢, P)-gadget must be incident to an edge playing the
role of either e, €, or the c-edge, to show that r(G) being large means that there are many
well-distributed (z,c, P)-gadgets in G, and thus many well-spread (z,c)-absorbing gadgets.
We now define a relaxation of Q‘B’l, which will be a convenient formulation for ensuring that
quasirandomness is maintained when we use switchings to find (z,c, P)-gadgets. For each

s € [n|D|/2)o, we write AP" == {G € G%¥!: r(G) = s}, and

QD" = {G € G%}: eq(A, B) < 8|D*/n + 65 forall A, B C V suchthat |A| = |B| = |D|}.
We also define TP" := AP" N QP" and @C"l = UnlDV2 TDP". Notice that
(6.1) 0%l ¢ 9%l

Finally, we discuss the switching operation that we will use in Lemma 6.8.

Definition 6.7. For any G € gg’,}, we say that a subgraph H C G together with a labelling
of its vertices V(H) = {z,u1,u2,...,u14} is a twist system of G if (see Figure 5):
(1) E(H) = {u1ug, ugus, ugue, usuz, ugls, Urus, Uz, Ty, TU0, U911, U10U12, U13U14};

(il) P(usuy) = ¢p(aug) € Dy;

(iil) @(ugug) = ¢(xu1g) € Da;

(iv) @(urus) = ¢p(usus) = d(uaug) = Pp(ugui1) = ¢(urow12) = P(urzuia) € Ds;
(v) ¢(urx) € Dy;
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FIGURE 5. A twist system of G. Here, dashed edges represent non-edges of GG, and the colours
of the edges satisfy (ii)—(vi) in the definition of twist system.

(vi) ¢(urug) = ¢;

(vil) wius,uguyg, usue, Uglo, U11U13, U12u1s ¢ E(G).
For a twist system H of G, we define twistz(G) to be the coloured graph obtained from G by
deleting the edges ujus, usus, uqug, UgUil, UpU12, U13U14, and adding the edges ujus, usuy,
UsUg, UGU10, UT1UI3, UI2U14, each with colour ¢g(ujuz). The (z, ¢, P)-gadget in twist g (G) with
edges usug, usuy, ugug, urus, UTT, TUg, TUg, Ugtlg iS called the canonical (z,c,P)-gadget of
the twist.

We simultaneously switch two edges into the positions usug and wuguig because it is much
easier to find structures as in Figure 5 than it is to find such a structure with one of these
edges already in place. Moreover, the two ‘switching cycles’ we use have three edges and three
non-edges (rather than two of each, as in the rotation switching) essentially because of the extra
freedom this gives us when choosing the edges ujus and ui3u14. This extra freedom allows us to
ensure that in almost all twist systems, one avoids undesirable issues like inadvertently creating
more than one new gadget when one performs the twist.

The proof of Lemma 6.8 proceeds with a similar strategy to those of Lemmas 6.1 and 6.3,
but it is much more challenging this time to show that graphs with low r(G)-value admit many
ways to switch to yield a graph G’ € G$! satisfying r(G’) = r(G) + 1.

Lemma 6.8. Suppose that 1/n < pn < 1, and let D C [n — 1] have size |D| = pn. Let x € V,
letc € [n—1]\ D, and let P = {D;}}_, be an equitable partition of D. Suppose that G € gg’é{c}
1s chosen uniformly at random. Then

42

P [’F(G) < ‘;T

4,2
G e Qg’b{c}] < exp (—'é;i) .
Proof. Write D* := D U {c}. Consider the partition {TSD*}:i{)z of é%’l, where k := |D|. For
each s € [nk/2 — 1]y, we define an auxiliary bipartite multigraph Bs with vertex bipartition
(TP",TE) and an edge between G and twist7(G) whenever:

(a) GeT/;

(b) H is a twist system in G for which G’ := twisty(G) € TL and G’ satisfies satq (e) =
satg(e) + 1 < k for the c-edge e = urug of H, with the canonical (x, ¢, P)-gadget of the
twist G’ being the only additional distinguishable (z, ¢, P)-gadget using this c-edge.

Define d; := mingepps dp,(G) and Agpq = Maxgern?, dp,(G). Thus [TP"|/|TE| < Asi1/6s.

To bound Agi; from above, we fix G’ € T£|-*1 and bound the number of pairs (G, H), where

G € TP" and H is a twist system of G such that twist(G) = G’ and (b) holds. Firstly, note
that

Z satG/(e) < T(G/) =s+ 1.
e€E.(G)
satr (e)<k

Thus, it follows from condition (b) that there are at most s+1 choices for the canonical (z, ¢, P)-
gadget of a twist yielding G’ for which we record an edge in B,. Fixing this (z, ¢, P)-gadget
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fixes the vertices of V' which played the roles of x, us, ug, ..., uip in a twist yielding G’. To
determine all possible sets of vertices playing the roles of uy, ug, us, ug, ui1, ui2, u13, w14 (thus
determining H and G such that twisty(G) = G’), it suffices to find all choices of four edges
of G' with colour ¢¢(usug) satisfying the necessary non-adjacency conditions. There are at
most (n,/2)* choices for these four edges, and at most 4!-2* choices for which endpoints of these
edges play which role. We deduce that A,y < 24n#(s + 1).

Suppose that s < k*/222n2. To bound J, from below, we fix G € TSD* and find a lower bound
for the number of twist systems H C G for which we record an edge between G and twist g (G)
in Bs. To do this, we will show that there are many choices for a set of four colours and two
edges, such that each of these sets uniquely identifies a twist system in G for which we record
an edge in B,. Note that since s < k%/222n? and G € QP", we have

(6.2) ec(A,B) < 10k3/n  forallsets A,B CV ofsizes |A| = |B| = k.

We begin by finding subsets of D3 and D4 with some useful properties in G.

Claim 1: There is a set Dg‘md C D3 of size |D§00d| > k/8 such that for all d € DgOOd we have
() [Ba(Np, (), Np, (2))] < 20082 /n;
(i) there are at most 64k3/n? d-edges e in G with the property that e lies in some distin-
guishable (z, ¢, P)-gadget in G whose c-edge is not supersaturated.

Proof of claim: Observe that |Np,(z)| = |Np,(x)| = k/4. Then, by (arbitrarily extending
Np, (z), Np,(x) and) applying (6.2), we see that e(Np, (z), Np,(z)) < 10k3/n. Thus there is
a set D3 C D3 of size |Ds| > 3k/16 such that each d € Ds satisfies (i). Next, notice that,
since r(G) = s, there are at most s/k < k3/2?2n? saturated c-edges in G. Suppose for a
contradiction that at least k/16 colours d € D3 are such that there are at least 64k3/n? d-
edges e in G with the property that e lies in some distinguishable (x, ¢, P)-gadget in G whose
c-edge is not supersaturated. Then, by considering the contribution of these distinguishable
(x, ¢, P)-gadgets to r(G), and accounting for saturated c-edges, we obtain that r(G) > (k/16) -
32k3 /n? — 5k3/2%2n? > s, a contradiction. Thus there is a set D3 C Ds of size | D3| > 3k/16
such that each d € Ds satisfies (ii). We define D! := D3 N D3, and note that | DY > k/8.

We also define DEOOd C Dy to be the set of colours dy € D4 such that the c-edge e incident to
the dy4-neighbour of = in G satisfies sat(e) < k—1. Observe that |D§0°d| > k/8, since otherwise
there are at least k/16 saturated c-edges in G, whence 7(G) > k?/16 > s, a contradiction.

We now show that there are many choices of a vector (dy, da, ds, ds, f1, f2) where each d; € D;

and each 7; is an edge f; € Eg4,(G) together with an identification of which endpoints will
play which role, such that each vector uniquely gives rise to a candidate of a twist system
H C G. We can begin to construct such a candidate by choosing dy € Di‘md and letting uy
denote the dg-neighbour of x in G, and letting ug denote the c-neighbour of u7. Secondly,
we choose d; € Dj, avoiding the colour of the edge xug (if it is present), and let us denote
the di-neighbour of w7, and let ug denote the di-neighbour of x. Next, we choose do € Do,
avoiding the colours of the edges usug, usz, usx, ugug in G (if they are present), and let ug
denote the ds-neighbour of ug, and let w1y denote the do-neighbour of . Then, we choose
ds € D§°Od, avoiding the colours of all edges in Eq({z,us, us,...,ui0}). We let us, ug, u11, ui2
denote the dz-neighbours of us, ug, ug, u1g, respectively. Finally, we choose two distinct edges
f1, f2 € E4,(G) which are not incident to any vertex in {x,us,us,...,u12}, and we choose
which endpoint of f; will play the role of w; and which will play the role of us, and choose
which endpoint of fs will play the role of u13 and which will play the role of uy4. Let A

denote the set of all possible vectors (dy,ds, ds, dy, 7{, f2) that can be chosen in this way, so
that |[A| > £.38.£. k. n.9.2.9 = 3k*n? /216 Further, let H(\) C G denote the labelled subgraph
of G corresponding to A € A in the above way. If H(\) is a twist system, then we sometimes
say that we ‘twist on A\’ to mean that we perform the twist operation to obtain twist ) (G)

from G.
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It is clear that H () is unique for all vectors A € A, and that H () satisfies conditions (i)—(vi)
of the definition of a twist system. However, some H (\) may fail to satisfy (vii), and some may
fail to satisfy condition (b) in the definition of adjacency in Bs. We now show that only for a
small proportion of A € A do either of these problems occur. We begin by ensuring that most
A € A give rise to twist systems.

Claim 2: There is a subset Ay C A such that |A1| > 9|A|/10 and H(N) is a twist system for
all A € Ay.

Proof of claim: Fix any choice of d3 € D§O°d, dy € DEOOd and ?1), fg appearing concurrently
in some A € A, and note that there are at most (k/4)? - n? such choices. Here and throughout
the remainder of the proof of Lemma 6.8, we write u; for the dg-neighbour of x, we write ug
for the c-neighbour of w7, and so on, where the choice of dy, do, d3, dg, f1, fo will always be
clear from context. Note that fixing d3, d4 only fixes the vertices x, uy, ug. There are at most
10k3 /n pairs (dy, d2) with each d; € D; such that there is an edge usug € E(G), since otherwise
e(Np, (u7), Np,(ug)) > 10k3/n, contradicting (6.2). Similarly, there are at most 10k3/n pairs
(d1,ds) with each d; € D; such that ugujg is an edge of G. We deduce that there are at most
(20k3/n) - (k/4)% - n? = 5k°n/4 vectors A € A for which H()) is such that either usug or uguig

%
is an edge of G. Now fix instead dp, do, d3,_>d4, f2. Note that |[Ng(us) U Ng(uq)| < 2k + 2

so that there are at most 4k + 4 choices of f; such that either ujus or usuy is an edge of G.
Analysing the pairs ujju1s and uiouyg similarly, we deduce that altogether, there are at most
5kPn/4 + 2((k/4)* - n - (4k +4)) < 2k%n < |A|/10 vectors A € A for which H () fails to be a
twist system. —

We now show that only for a small proportion of A € A; does H(\) fail to give rise to an
edge in Bs, by showing that most H()\) satisfy the following properties:

(P1) twisty(n(G) € Q2

(P2) Deletion of the six ds-edges in H(\) does not decrease r(G);

(P3) The canonical (z, ¢, P)-gadget of the twist twistz(,)(G) is distinguishable, and it is the

only (, ¢, P)-gadget which is in twistz(y)(G) but not in G.

Firstly, since G € QP" and we only create six new edges in any twist, it is clear that H(\)
satisfies (P1) for all A € A;.

Claim 3: There is a subset Ao C Ay such that |Ao| > 9|A1]/10 and H(\) satisfies property (P2)
for all A € As.

Proof of claim: Fix di; € D, d3 € D%OOd, dy € DEOOd, 71>7 ?2) appearing concurrently in some
A€ Aj. Let Fy, (G) C Eq,(G) be the set of dz-edges e in G with the property that e is in some
distinguishable (z, ¢, P)-gadget in G whose c-edge is not supersaturated. Recall that |Fy, (G)| <
64k3 /n? since ds € D§°°d. Observe then that there are at most 128k3/n? colours dy € Do such
that uqg is the endpoint of an edge in Fy,(G). Thus for all but at most (k/4)3-n2-128k3 /n? = 2k°

choices of A = (d1,ds,ds,ds, f1, f2) € A1, the edge ujpuiz is not in Fy,(G). Now fix instead

dy, do, d3, dg, g Then since d3 € D%OOd, there are at most 128%%/n? choices of ﬁ such
that fi € Fy,(G), so that for all but at most (k/4)*-n-128k3/n? = k7 /2n vectors A € Ay, H()) is
such that f; ¢ Fy,(G). Similar analyses show that there are at most 8k6+k7/n < 9k% < |A;]/10
choices of A € A; such that {ujug, usus, usug, ugui1, uroui2, u1suis } N Fy (G) # 0. By definition
of Fy,(G) and supersaturation of a c-edge, we deduce that for all remaining A € Ay, H(A) is such
that deleting the edges ujug, usus, ugug, ugt11, uipui2, uiztis does not decrease r(G). —

When we perform a twist operation on a twist system H in G, since the only new edges we
add have some colour in D3, we have that for any new distinguishable (z,c, P)-gadget J we
create in the twist, one of the new edges wjus, usuyg, usug, Uugtig, U11U13, Ui2ui4 of the twist
is playing the role of either vsvg or vguvig in J. (Here and throughout the rest of the proof, we
imagine completed (z, ¢, P)-gadgets J as having vertices labelled z,vs, ..., v19, where the role
of v; corresponds to the role of u; in Figure 5.) We now show that for most A € Ay, H(A)
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satisfies property (P3). This is the most delicate part of the argument, and we break it into
three more claims.

Claim 4: There is a subset Ag C Ao such that |As| > 9|A2|/10 and all X € A3 are such that
if J is an (v, c, P)-gadget that is in twistg(y)(G) but not in G, then the pair uguio of H () plays
the role of vov1g.

Proof of claim: Since the only edges added by any twist operation all have colour in Ds, it
suffices to show that at most |Aa|/10 vectors A € Ag are such that twisting on A creates an
(x,c,P)-gadget J for which either

(i) one of the pairs ujus, ugug, usug, uiiuis, uiguig of H(A) plays the role of vguvyg, or

(ii) the edge vguvig of J is present in G.
To address (i), we show that wuj,us, us,uir,u12 ¢ Ng(z) for all but at most |Az|/20 vectors
A € As. Note firstly that at most 10k%/n pairs (di,ds) where di € D1, dy € DEOOd are such
that us € Ng(x), since otherwise e(Np, (), Ng(z)) > 10k3/n, contradicting (6.2). Thus, at
most (k/4)?-n?-10k3/n = 5k°n/8 choices of A € Ay are such that us € Ng(x). Now fix dy, da,
ds, dy, fo appearing concurrently in some A € Ay. Notice that there are at most 2k + 2 choices
of f1 such that f; has at least one endpoint in Ng(z). Analysing E similarly, we deduce that
there are at most 5k°n /8 4 2(k/4)*(2k +2)n < |A2|/20 choices of A € Ay such that at least one
of Uy, U2, us, U13, U14 lies in Ng($)

Turning now to (ii), we show that at most |A2|/20 vectors A € Ay are such that twisting
on A creates any (zx,c, P)-gadgets J for which the edge vgvig of J is present in G (and thus
one of the pairs ujus, usug, usug, uguig, ui1ui3, u12u14 of H(N) plays the role of vsvg). To do
this, we use some of the properties of D§°°d. Fix do € Ds, d3 € D§°°d, dy € DEOOd, fi, ?2)
appearing concurrently in some A € A3. Note that since ds € D§O°d, there are at most 2002 /n
pairs (d},d}) where d| € Dy, d), € Do, such that there is a K3 in G with vertices z, wy, wa,
where w; is the d/-neighbour of = for i € {1,2}, and the edge wyws is coloured dz. Let the
set of these pairs (d},d)) be denoted L(ds). For each pair ¢ = (di,dy) € L(ds), let 2} be
the end of the djcdy-walk starting at uig. Similarly, let z7 denote the end of the dhed]-walk
starting at wjo. Define M := UZGL(dg){z},zg}, so that |M| < 400k?/n. Since there are at
most 400k?/n choices of d; € D; for which we obtain ug € M, we deduce that for all but at
most (k/4)3 - n? - 400k?/n = 25k°n/4 vectors A € Ay, H()) is such that adding the edge uguig
in colour d3 does not create a new (x, ¢, P)-gadget J where uguig plays the role of vsvg in J
and the edge playing the role of vgvig in J is already present in G before the twist. One can
observe similarly that for all but at most 25k°n/4 vectors A € A, H(\) is such that adding the
edge usug in colour d3 does not create a new (z,c, P)-gadget J where usug plays the role of
vsvg in J and the edge playing the role of vguvig in J is already present in G before the twist.

Now fix instead di, do, ds, d4, fo appearing concurrently in some A € As. For each ¢ =
(dy,dy) € L(ds), let y} be the end of the djcdy-walk starting at ug, let y7 be the end of the

hedi-walk starting at wug, let z} be the end of the djcd)-walk starting at ug, and let 22 be
the end of the dyed)-walk starting at uz. Define M = UzeL(d@{y}, y?, zt}, z?}, and notice that

|M| < 800k?/n. We deduce that there are at most 1600k2/n choices of ﬁ such that f; has an
endpoint in M, and that for all remaining choices of ?1), twisting on A = (d1, da, ds, d4, 71), f2)
cannot create a new (z,c, P)-gadget J where the new ds-edges ujus or usuy play the role of
vsvg in J and the edge wouig of J is present in GG. Analysing fo similarly, we conclude that
for all but at most 13k°n < |A2|/20 choices of A € A, twisting on A cannot create a new
(x,c,P)-gadget J for which the edge vgvig of J is present in G. -

Claim 5: There is a subset Ay C Ag such that |A4| > 9|A3|/10 and all X € Ay are such that
if J is an (v, c, P)-gadget that is in twisty(n)(G) but not in G, then the pair usug of H(N\) plays
the role of vsvg.

Proof of claim: By Claim 4, it will suffice to show that at most |Az|/10 vectors A € A3 are
such that twisting on A creates an (z, ¢, P)-gadget J for which either
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(i) one of the pairs ujus, ugug, ur1u13, uiguig of H(\) plays the role of vsvg, and uguig plays
the role of vgv1g, or
(ii) the edge vsvg of J is present in G and the pair uguig of H(A) plays the role of vgvyg.
To address (i), fix d1, dg, ds, d4, ?5 appearing concurrently in some A € A3. Let a; be the end
of the djcdo-walk starting at ug, let ag be the end of the docdi-walk starting at wuy, let b; be
the end of the djcdso-walk starting at uz, and let by be the end of the docdi-walk starting at us.
Since there are at mObt 8 choices of f; with an endpoint in {a1, ag, b1, b2}, we deduce that for all

remaining choices of f1, twisting on A\ = (dy, dg, ds3, dy4, f1, f2) cannot create an (z, ¢, P)-gadget J
for which the new ds-edges ujus or usuy play the role of vsvg in J and uguig plays the role
of vgu1g. Analysing fo similarly, we conclude that we must discard at most k*n/16 < |A3|/20
vectors A € Ag to account for (i).

Turning now to (ii), write Dy = {d},d3,..., k/4} For each d) € Dy, let y; be the di-
neighbour of z, let z; be the c-neighbour of y;, deﬁne R; == Np,(y;) and S; .= Np,(z;). Notice
that Zz Zi e(R;, S;) < 5k*/2n, since otherwise we obtain a contradiction to (6.2) for some pair
(R;,S;). We deduce that there are at most 5k*/2n triples (di,ds,d3) with each d; € D; for
which adding the edge uguig in colour ds creates an (z,c, P)-gadget J for which uguig plays
the role of vguyg in J and the edge playing the role of vsvg is already present in G, whence at
most (5k*/2n) - (k/4) - n? = 5k°n/8 < |A3|/20 choices of A € A3 are such that twisting on A
creates an (z, ¢, P)-gadget of this type.

Claim 6: There is a subset A5 C Ay such that |As| > 9|A4|/10 and all X € A5 are such that
if J is an (z,c, P)-gadget that is in twistg(y)(G) but not in G and the pairs usug, uguio of H(A)
play the roles of the edges vsvg, vov1g of J respectively, then J is the canonical (x,c,P)-gadget
of the twist.

Proof of claim: Fix ds, dy, fl, fg appearing concurrently in some A € Ay. By (6.2), we
have that e(Np,(ug), Np,(z)) < 10k3/n. We deduce that there are at most 10k3/n choices of
the pair (dj,dz) such that the dj-neighbour of ug lies in Np,(z), whence for all but at most
5k°n/8 < |A4]/10 choices of A € A4, the canonical (z, ¢, P)-gadget of the twist is the only new
(z, ¢, P)-gadget for which usug, uguig play the roles of vsvg, vovig respectively. —

Note that, by Claims 4-6, the canonical (z,c, P)-gadget of a twist on A € Aj is clearly
distinguishable in twist H( A)(G’) since its edges vsvg and vgvig with colours in D3 were added by
the twist and performing this twist creates no other (z, ¢, P)-gadgets. Thus Claims 4-6 imply
that H(\) satisfies (P3) for all A € As. Recalling that satg(e) < k — 1 for the c-edge e of H(\)
for all A € A and also using Claim 3, we now deduce that r(twisty(,)(G)) = r(G) + 1, and thus

twist () (G) € AS_H, for all A € As. Since H(\) satisfies (P1) for all A € A;, we deduce that
twist7(x)(G) € TH for all A € A5, and that 65 > [As| > [A]/2 > 3k*n?/2!7. We conclude that
if s < k*/2%2n? and TP" is non-empty, then T2 is non-empty and |T.2"|/|TL| < 2'7-24n* (s—l—
1)/3k*n? < 1/2. Now, fix s < p*n?/223. If TP is empty, then ]P’[ (G)=s|Ge QCO]

If TP" is non-empty, then

4 /9222

H J

T TP

P[ (G)=s|Ge Qcﬂ = < (1/2)F /20,

‘QCOl o ‘T£;222n2’ a j=s ‘ J+1| B
and thus,
uin?/223 M4n2
P [""(G) <u'n?/2% | G e QCOl] = Z exp(—(k*/2%%n® — 5)In2) < exp <_ 924 > ’
s=0

which completes the proof of the lemma. O
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col
Du{c}’
it suffices to show that r(G) is large for some equitable partition P of D into four parts. (Recall
that ‘well-spread’ was defined in Definition 3.7.)

Next, we show that in order to find many well-spread (z, ¢)-absorbing gadgets in G € G

Lemma 6.9. Suppose that 1/n < p, and let D C [n— 1] be such that |D| < pn. Let x € V, let
c€[n—1)\D, and let P = {D;}}_, be an equitable partition of D. Then for any integer t > 0
and any G € Qg’é{c}, if (G) > t, then G contains a 5un/4-well-spread collection of t distinct
(x, c)-absorbing gadgets.
Proof. Let G € Qgﬁ{c}, let ¢ > 0 be an integer, and suppose that r(G) > t. Then, since
|D| < pn and by definition of r, we deduce that there is a collection A(, . p) of ¢ distinct
(z, ¢, P)-gadgets satisfying the following conditions:

(i) Each edge of G with colour in D3 is contained in at most one (z,c, P)-gadget J €

A(x,c,P);

(ii) Each c-edge of G is contained in at most un (z,c, P)-gadgets J € A, . p).-
Fix v € V'\ {z}. Let e be the c-edge of G incident to v and for each d € D3 let f; be the d-edge
of G incident to v. Then by conditions (i) and (ii) there are at most 5un/4 (x,c, P)-gadgets
J € A(y,c,p) containing any of the edges in {e} U{Uycp,{fa}- Note that if v is contained in some
J € Az,ep), then v is incident to either the c-edge in J, or to one of the edges in J with colour
in D3. We thus conclude that v is contained in at most 5un/4 (z,c, P)-gadgets J € Ay cp)-
It immediately follows that no edge of G is contained in more than 5un/4 (x,c, P)-gadgets
J € A(m,c,?’)'

For each d € D1 U D U Dy, there are at most 5un/4 J € A, .py with d € ¢(J) since each
such J must contain the d-neighbour of z in G. For each d € D3, there are at most un/2
d-edges f in G such that both endpoints of f are neighbours of z. Any J € A, . p) for which
d € ¢(J) must contain one of these edges f. Thus by (i), there are at most un/2 J € A . p)
such that d € ¢(J).

Finally, define a function g on A, . p) by setting g(J) :== J — f, where f is the unique edge
of J with colour in Dy, for each J € A(; . p). Then it is clear that g is injective and that g(J)
is an (w, c)-absorbing gadget, for each J € Ay .py. Thus, g(A(;cp)) is a 5un/4-well-spread
collection of ¢ distinct (x, c)-absorbing gadgets in G, as required. U

6.2. Weighting factor. We now state two results on the number of 1-factorizations in dense
d-regular graphs G, where a 1-factorization of G consists of an ordered set of d perfect matchings
in G. We will use these results to find a ‘weighting factor’ (see Corollary 6.12), which we will use
to compare the probabilities of particular events occurring in different probability spaces. For
any graph G, let M (G) denote the number of distinct 1-factorizations of G, and for any n,d € N,
let G denote the set of d-regular graphs on n vertices. Firstly, the Kahn-Lovasz Theorem (see
e.g. [2]) states that a graph with degree sequence ry,...,r, has at most H?Zl(r,;!)l/m perfect
matchings. In particular, an n-vertex d-regular graph has at most (d!)”/ 2d perfect matchings.
To determine an upper bound for the number of 1-factorizations of a d-regular graph G, one
can simply apply the Kahn-Lovéasz Theorem repeatedly to obtain M (G) < Hle(r!)”/ 2r_ Using
Stirling’s approximation, we obtain the following result.

Theorem 6.10. Suppose n € N is even with 1/n < 1, and d > n/2. Then every G € G}
satisfies

i ((1ow) 1Y

On the other hand, Ferber, Jain, and Sudakov [13| proved the following lower bound for the
number of distinct 1-factorizations in dense regular graphs.
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Theorem 6.11 (|13, Theorem 1.2]). Suppose C' > 0 and n € N is even with 1/n < 1/C < 1,
and d > (1/2 +n"YC)n. Then every G € G7 satisfies

M(G) > ((1 —l/C) d >dn/2‘

&2
Theorems 6.10 and 6.11 immediately yield the following corollary:

Corollary 6.12. Suppose C > 0 and n € N is even with 1/n < 1/C < 1, and d > (1/2 +
n~YYn. Then

M(G) 1-1/C

S Sl

M(H) = exp <2n d) ,
for allG,H € G}}.

For G € g[‘;jﬂ 1] and a set of colours D C [n — 1], we define the restriction of G to D,
denoted G|p, to be the spanning subgraph of G' containing precisely those edges of G which
have colour in D. Observe that G|p € G¥. We now have all the tools we need to prove

Lemma 3.8.

Proof of Lemma 3.8. Let C' > 0 be the constant given by Corollary 6.12 and suppose that
1/n < 1/C, u,e. Let P denote the probability measure for the space corresponding to choosing
G ¢ QCO] ; uniformly at random. Fix D C [n — 1] such that |D| = en, and let Pp denote the
probablhty measure for the space corresponding to choosing H € QCOI uniformly at random.
Let Qbad denote the set of H € QC"l such that H is not e-locally edge-resilient. For H € QC"l
write Ny for the number of distinct completions of H to an element G € gi‘;l_l], that is, Ny is
the number of 1-factorizations of the complement of H. Then

ZHeg%ad NH

P [G|pisnote-locally edge-resilient] = ———2——
E H/egcol NH’
D

< Pp [H € g%ad] - exp (2712_1/0)
< exp (—€’n®/2000),

where we have used Lemma 6.1 and Corollary 6.12. Then, union bounding over choices of D,
we deduce that

n—1 53712 2,53n2
6.3 P [G is not e-locally edge-resilient] < “5000 ) S &P\~ '
(6.3) |G isnot e-locally edge-resilient] < ( n >exp< 2000> —eXp< 4000)

Now, fix x € V, and fix ¢ € [n —1]. Choose F' C [n— 1]\ {¢} of size |F| = un arbitrarily. Write
F* .= FU{c}, and let Pp+ denote the probability measure for the space S corresponding to
choosing H € G5! uniformly at random. Let P be an equitable (ordered) partition of F' into

Z,

four subsets. Let A%*c - QC"l be the set of H € QCO*I such that H has a 5/m/4 well-spread

collection of at least u*n?/223 (x, c)-absorbing gadgets. Then, considering A 1?* , Q%L QC"}

events in S, observe that
:| ~col}
F*

Qcol:| 4 Py [Qcol} '

Pp- [A})} < Pp[OR]Pp [

(6.1) @0
2 p. [AF,;

Thus, applying Lemma 6.9, Lemma 6.3, and Lemma 6.8, we obtain

IN

Pp- [T(H) < pin?/2%

He QC01:| + ]P)F* [H ¢ Qcol]

4,2 4,2
wn wen
exp (— 921 ) + exp (—u3n2) < exp <— 525 > .

IN
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Then by Corollary 6.12,

(z,c) HGA(m*C) H (z,c) 2—-1/C
ZH’GQ%OJ NH/
4,2
wn
< exp <— 526 )

In particular, with probability at least 1—exp(—pu*n?/225), G has a 5un/4-well-spread collection
of at least p*n?/223 (z,c)-absorbing gadgets. Now, union bounding over all vertices = € V and
all colours ¢ € [n — 1], we deduce that

4,2 4,2
(6.4) P [G is not p-robustly gadget-resilient] < n? - exp <_M227’é ) < exp <—M22Té ) .

The result now follows by combining (6.3) and (6.4). O

7. MODIFICATIONS AND COROLLARIES

In this section we show how to derive the n odd case of Theorem 1.3 from the case when n
is even. We also show how Theorem 1.3(ii) implies Corollary 1.4.

7.1. A rainbow Hamilton cycle for n odd. We actually derive the n odd case of Theorem 1.3
from the following slightly stronger version of Theorem 1.3(ii) in the case when n is even.

Theorem 7.1. Ifn is even and ¢ is a uniformly random I-factorization of K,,, then for every
vertex v, with high probability, ¢ admits a rainbow cycle containing all of the colours and all of
the vertices except v.

We now argue that our proof of Theorem 1.3 for n even is sufficiently robust to also obtain
this strengthening. In particular, we can strengthen Lemma 3.9 so that the absorber does not
contain v, since (a)-(c) in Lemma 5.3, (a)-(c) in Lemma 5.4, and (a)—(f) in Lemma 5.5 all
hold after deleting v from any part in the absorber partition. The proof of Lemma 3.10 is also
sufficiently robust to guarantee that the rainbow path from the lemma does not contain v, but
we do not need this strengthening, since we can instead strengthen Proposition 3.5 to obtain a
rainbow cycle containing P’ — v and all of the colours, as follows. If v € V(P’), then we replace
v in P’ with a (Vgex, Cliex, Giex)-cover by deleting v and adding a (Viex, Ciex; Gfiex )-cover of w,
w', and ¢(vw), where w and w’ are the vertices adjacent to v in P’. The remainder of the proof
proceeds normally, letting vy := v to ensure v ¢ V(P/). In this procedure, we need to assume
that P’ is contained in (V' \ V/,C\ C’,G’) with 6/19-bounded remainder (rather than 4/18),
but in Lemma 3.9 we can find a 38y-absorber, which completes the proof.

Now we show how Theorem 7.1 implies the odd n case of Theorem 1.3.

Proof of Theorem 1.3, n odd case. When n is odd, any optimal edge-colouring of K,
has n colour classes, each containing precisely (n — 1)/2 edges. For every colour ¢, there is a
unique vertex which has no incident edges of colour ¢, and for every vertex v, there is a unique
colour such that v has no incident edges of this colour. Thus, we can obtain a 1-factorization
¢' of K11 from an optimal edge-colouring ¢ of K, in the following way. We add a vertex z,
and for every other vertex v, we add an edge zv, where ¢'(zv) is the unique colour ¢ such that
v is not incident to a c-edge in K,,. Note that this operation produces a bijection from the
set of n-edge-colourings of K, to the set of 1-factorizations of K, 1. Thus, if n is odd and ¢
is a uniformly random optimal edge-colouring of K,,, then ¢’ is a uniformly random optimal
edge-colouring of K, 1. By Theorem 7.1, with high probability there is a rainbow cycle F' in
K, 41 containing all of the colours and all of the vertices except z, so F' is a rainbow Hamilton
cycle in K, satisfying Theorem 1.3(ii). Deleting any edge from F' gives a rainbow Hamilton
path, as required in Theorem 1.3(i). O
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7.2. Symmetric Latin squares. Now we use Theorem 1.3 to prove Corollary 1.4.

Proof of Corollary 1.4. Suppose that n € N is odd. Firstly, note that there is a one-to-one
correspondence between the set £3™ of symmetric n x n Latin squares with symbols in [n]
(say) and the set ®,, of optimal edge-colourings of K, on vertices [n| and with colours in [n].
Indeed, let ¢ € ®,. Then we can construct a unique symmetric Latin square Ly € L3 by
putting the symbol ¢(ij) in position (¢, j) for all edges ij € E(K,), and for each position (i,1)
on the leading diagonal we now enter the unique symbol still missing from row ¢. Conversely,
let L € £3)™. We can obtain a unique element ¢; € ®,, from L in the following way. Colour
each edge ij of the complete graph K, on vertex set [n] with the symbol in position (i, ) of L.
It is clear that ¢y, is proper, and thus ¢, is optimal. Moreover, it is clear that we can uniquely
recover L from ¢r.

Now, let K be the graph obtained from K, by adding a loop ii at every vertex i € [n], and
for every ¢ € ®,,, let ¢° be the unique proper n-edge-colouring of K such that the restriction of
¢° to the underlying simple graph is ¢. The rainbow 2-factors in K, admitted by ¢° correspond
to transversals in Ly in the following way. If L € £3)™ and T is a transversal of L, then the
subgraph of K. induced by the edges ij where (i,j) € T is a rainbow 2-factor. If o is the
underlying permutation of 7', then the cycles of this rainbow 2-factor are precisely the cycles
in the cycle decomposition of o, up to orientation. Therefore a rainbow Hamilton cycle in K,
corresponds to two disjoint Hamilton transversals in L.

By these correspondences, for n odd, if L € £3™ is a uniformly random symmetric nxn Latin
square, then ¢r, is a uniformly random optimal edge-colouring of K,,. By Theorem 1.3(ii), ¢x,
admits a rainbow Hamilton cycle F' with high probability. Since F' is also a rainbow Hamilton
cycle in K, the corresponding transversals in L are Hamilton, as desired. O

Note that, if n is odd, the leading diagonal of any L € £;'™ is also a transversal, disjoint
from any Hamilton transversal. Indeed, by symmetry all symbols appear an even number of
times off of the leading diagonal, and therefore an odd number of times (and thus exactly once)
on the leading diagonal.
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